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A bstract

Gene regulation is a central process in every living organism. At the transcrip­

tional level, gene regulation usually involves interactions of regulatory proteins, called 

transcription factors (TFs), with DNA through sequence specific binding, and inter­

actions with other TFs and the basal transcription machinery. In eukaryotic cells, 

nucleosome positioning presents another level of complexity to gene regulation. Nu- 

cleosomes are formed by wrapping stretches of about 147bp of DNA around a core 

consisting of eight histone proteins. Nucleosomes can affect gene regulation by im­

peding or in some cases catalyzing the interactions between transcription factors and 

their binding sites. Because of their prominent role in transcriptional regulation, 

a comprehensive description of gene expression must include a predictive model of 

nucleosome positioning. This dissertation focuses on developing such a model and 

is organized in three parts: First we present Group Normaliation, a novel microar­

ray data normalization method tha t removes probe effects by using a set of reference 

probes with similar hybridization properties. This approach more accurately specifies 

nucleosome positions and changes in nucleosome occupancy compared to conventional



methods. Our results show a 1.7(dB) improvement in signal quality a t probe level 

compared to MAS5.0 algorithm. In the second part, we present a novel model to more 

accurately predict nucleosome positioning in yeast from DNA sequence. This model 

predicts favorable nucleosome positions by a) estimating minimum energy twist and 

bend angles for a curved DNA molecule, and b) by indirectly modeling the DNA- 

histone core interactions. These two aspects are unified in a context based sequence 

model and the nucleosome positioning da ta  obtained in part 1 is used to  derive the 

model parameters. Finally in part three, we present experimental validation results 

for the nucleosome positioning model. We used the nucleosome positioning model to 

design mutations th a t change the nucleosome affinity a t the promoter region of the 

yeast hexose transporter gene HXT3 and then measured its effect on HXT3 response 

to enviroumental glucose concentration by flouroscence microscopy and compared the 

results with the model predictions.

Advisor: Michael A. Beer, PhD

Thesis Readers: Michael A. Beer, PhD, Joel S. Bader, PhD

Thesis committee: Michael A. Beer, PhD, Joel S. Bader, PhD, Rachel Karchin, P hD , 

Feilim Mac Gabhann, PhD, Jeffry L Corden, PhD and Sarah J. Wheelan, MD, PhD



A cknow ledgm ents

Above all I thank God the creator for endowing me the ability to understand 

some of the beauties of nature and for the kind and supporting family, friends and 

professors.

I would like to acknowledge my advisor Mike Beer for his guidance and help 

throughout this work, w ithout which this dissertation would not be possible. Thank 

you for your mentorship and support and for allowing me to think and develop inde­

pendently.

I would also like to thank members of the thesis committee, Drs. Bader, Karchin, 

Mac Gabhann, Corden and Wheelan for their tim e and for the fruitful discussions 

and comments.

I also want to thank everyone else whom I have interacted with including my 

labmates Jun Kyu Rhee, Rahul Karnik, Dongwon Lee, Donavan Cheng, Cecilia Ng, 

Navneeta Bansal, Yan Qi a t Beer lab and Ashish Kapoor, Dallas Miller and Maria 

X Sosa of Chakravarti lab, Ed Davis and Boeke lab for sharing the -URA strain, 

Brendan Cormack for yeast optimized G FP vector, Jameson Ribbens and Maegawa



Lab for sharing the fluorescence plate reader and all my professors a t Johns Hopkins 

School of Medicine and School of Public Health, in particular: Reza Shadmehr, Jon 

Lorsch, Jeremy Nathans. Rafael Irizarry, Peter Maloney, Joel Bader and Jeff Corden. 

I want to  specifically acknowledge Morteza Mohammad-Noori for his help with the 

proof of the Equation 5.10 and Dongwon Lee for providing CTCF and P300 datasets 

and running SVM algorithm with /c-mers kernel for these datasets.

And last but not least I want to thank my wife, Maryam, for her patience and 

unconditional support and love.

v



D edication

This thesis is dedicated to  my mother Simin Nekoofar, my father Mahmoud 

Ghandi, my wife Maryam, and our children Yasaman and Yusuf.



C ontents

A bstract ii

A cknow ledgm ents iv

List o f Tables x iii

List o f F igures x iv

1 Introduction  1

1.1 Overview..............................................................................................................  1

1.2 Thesis O rganization..........................................................................................  3

2 Background 5

2.1 Nucleosome Positioning and Gene Regulation ........................................  5

2.2 Experimental Measurement of Nucleosome Positioning .......................  7

2.3 Models for Nucleosome P o s itio n in g ............................................................  9

2.3.1 Intrinsic DNA/Histone In te ra c tio n s ............................................... 12

vii



2.3.2 Statistical Positioning ......................................................................  15

2.3.3 Nucleosomes and T ra n s c r ip tio n .....................................................  16

2.3.4 ATP-dependent Factors ................................................................... 17

2.3.5 Our A pproach ....................................................................................... 18

2.4 Summary ..........................................................................................................  19

3 Group N orm alization  for G enom ic D ata  21

3.1 In tro d u c tio n ....................................................................................................... 22

3.2 Description of Group Normalization M e th o d ...........................................  31

3.2.1 Group N orm alization .........................................................................  31

3.2.2 Copy Number V a r ia t io n ................................................................... 36

3.2.3 Reference Group Assignment ......................................................... 37

3.2.3.1 Single Reference M eth o d ...................................................  38

3.2.3.2 Sorted Average M e th o d ...................................................  38

3.2.3.3 Minimum Distance M e th o d ............................................. 39

3.2.4 Cross N o rm a liz a tio n .........................................................................  39

3.2.5 Signal Quality M easurem ent............................................................  41

3.2.6 Detecting Enriched Regions in a Spike-in Benchmark Dataset 44

3.3 R esu lts ................................................................................................................. 45

3.4 D iscussion   ! . . . 51

4 C ontext-B ased  M odel for N ucleosom e P osition ing 55

viii



4.1 In tro d u c tio n ....................................................................................................... 55

4.2 Simple Context-Based Sequence M o d e l ..................................................... 57

4.3 Phase-Dependent Context-Based M odel....................................................  60

4.3.1 Phase E s tim a tio n .................................................................................  61

4.3.2 Phase Estimation Results for NCP147 .........................................  66

4.3.3 Integrating Phase Model with Context-Based Sequence Model 69

5 R obust fc-mer Frequency E stim ation  U sing G apped k -m ers 72

5.1 In tro d u c tio n ......................................................................................................  73

5.2 Problem S ta te m e n t.........................................................................................  76

5.3 Preliminaries and N o ta tio n ............................................................................ 80

5.3.1 Review of Some Linear Algebra T h e o re m s ..................................  80

5.3.2 Some Binomial Id en titie s .................................................................... 82

5.3.3 Some More Definitions and N o ta tio n s ............................................  84

5.3.4 Function v  and Related Id e n titie s ...................................................  86

5.4 The Eigendecomposition of A(kAjk.... ...........................................................  92

5.5 The Moore-Penrose Pseudo-Inverse of Atk ...............................................  99

5.6 A Basis for row (A^fc)...................................................................................... 104

5.7 S u m m a ry .......................................................................................................... 106

6 G apped £;-mer Support Vector M achine (G SV M ) M odel 107

6.1 In tro d u c tio n ......................................................................................................  108

ix



6.2 M e th o d s .............................................................................................................  113

6.2.1 MMSE Frequency E s t im a t io n ..........................................................  113

6.2.2 Gapped k-mer F ilte rs ........................................................................... 114

6.2.3 Naive Bayes Classifier .......................................................................  119

6.2.4 Support Vector M a c h in e ....................................................................  121

6.2.5 Gapped fc-mer Similarity Score ....................................................... 122

6.2.6 Cross Validation .................................................................................  126

6.2.7 P-value C alcu la tion ..............................................................................  126

6.2.8 CTCF and P300 D a ta s e t s ................................................................. 126

6.2.9 Implementation and Sourcecode............................................   127

6.2.10 The Approximate Method (Fast Algorithm for GSVM) . . . .  129

6.2.11 ROC C urves...........................................................................................  130

6.2.12 CTCF L o g o ...........................................................................................  132

6.3 R esu lts ................................................................................................................  132

6.3.1 CTCF and P300 Binding Sequence M odeling................................ 132

6.3.2 Comparison of GSVM, Simple Context-Based and Phase-Dependent 

Context-Based M o d e ls ......................................................................  135

6.4 Summary and D iscussion................................................................................. 137

6.4.1 Choice of A ; ...........................................................................................  137

6.4.2 Considerations about Arithmetic E r r o r .........................................  138

6.4.3 Generalization of This W o rk .............................................................  139

x



7 A verage N ucleosom e P osition ing N ear Transcription S tart S ites Is 

D om inantly  D eterm ined  by Transcription Factors 141

7.1 In tro d u c tio n ............................................................................................... 142

7.2 Average patterns for all 7-mers ..................................................................  144

7.3 Average patterns for known motifs ............................................................ 146

7.4 R R PE  and PAC  co-occurrence e f f e c t ................................................  146

7.5 Positional constraint for binding sites relative to TSS for generating

nucleosome p a t t e r n ..................................................................................  148

7.6 Average pattern around the TSS is not representative of individual genesl51

7.7 Reconstruction of nucleosome pattern around the TSS using the aver­

age pattern for A BFl and REB1   153

7.8 Methods  ..........................................................................................................  156

7.8.1 Nucleosome positioning data and genomic se q u e n c e .................... 156

7.8.2 Average pattern  for &-mers................................................................. 156

7.8.3 Reconstruction of average p a t te r n ...................................................  158

7.9 Summary and d iscu ssio n ........................................................................ 158

8 E xperim ental V alidation o f N ucleosom e P ositioning M odel 161

8.1 In troduction ...............................................................................................  161

8.2 Yeast Hexose Transporter Genes  ........................................................ 162

8.3 Experiment D e s ig n .................................................................................. 163

8.3.1 Random M utations Selection ..........................................................  164



8.4 Im plem en tation ................................................................................................  167

8.4.1 Making C o n s tru c ts ............................................................................. 167

8.4.1.1 pYTi P lasm id .......................................................................  168

8.4.1.2 Fusion-based P C R .............................................................. 169

8.4.1.3 QuikChange Site-Directed M utagenesis..........................  174

8.4.2 Yeast Transform ation.........................................................................  176

8.4.2.1 Making Competent C e lls ...................................................  179

8.4.2.2 Transformation and Homologous Recombination . . .  179

8.4.3 HXT3 Expression Measurement using Fluorescence Microscopy 183

8.4.4 HXT3 Expression Measurement using Fluorescence Plate Reader 185

8.5 R esu lts ................................................................................................................. 186

8.5.1 GFP In sertio n ....................................................................................... 186

8.5.2 Rgta Binding Sites Deletion, Pal40 and M725 ............................  187

8.5.3 PolyT Mutations, Selecting a R e g io n ..................................  191

8.5.4 Random M u ta n ts ....................................................................... 191

8.6 Summary and D iscussion................................................................................ 198

9 G eneral D iscussions 201

9.1 Summary and D iscussion................................................................................ 201

9.2 Future D irec tio n s ............... .............................................................................  203

Bibliography 206



List o f Tables

6.1 Top scoring gapped 6-mers for CTCF binding d a t a ............................... 112
6.2 A representative set of 14-mers .................................................................... 112
6.3 Cross validation s e t s ............................................  136

8.1 List of primers used to insert GFP ............................................................. 172
8.2 List of primers used in proof of concept m u ta tio n s .................................... 174
8.3 List of primers used in HXT3 m u ta g e n e s is ................................................ 177
8.4 Efficiencies of the steps of homologous reco m b in a tio n ...........................  180
8.5 List of mutations a t 245 and 210 bp upstream of H X T 3 ........................  193
8.6 Nucleosome occupancy score and HXT3 expression correlation . . . .  195

xiii



List of Figures

2.1 Hierarchical DNA packaging in chromatin ................................................ 6
2.2 Nucleosomes can modulate TF b in d in g .................................................   . 8
2.3 Measuring global nucleosome p o s itio n in g ...................................................  10
2.4 Average nucleosome occupancy near transcription start s i t e .................  11

3.1 Probe effect in genomic hybridization s ig n a ls ............................................  24
3.2 Mismatch probe d is tr ib u tio n s .......................................................................  29
3.3 Flowchart of Group Normalization .............................................................  33
3.4 Overview of Group N orm alization ................................................................  34
3.5 Repetitive elements have large variations in probe s i g n a l .....................  37
3.6 Minimum Distance Method ..........................................................................  40
3.7 Signal Quality m e a su re ....................................................................................  43
3.8 Group Normalization results -  HXT3 lo c u s ................................................ 46
3.9 Group Normalization results -  H3 m u t a n t ................................................ 48
3.10 Signal Quality co m p ariso n .............................................................................  49
3.11 Comparison with spike-in benchmark d a t a ................................................ 52
3.12 Comparison of au tocorre la tion ....................................................................... 53

4.1 Context-dependent probability m o d e lin g ................................................... 59
4.2 Context-based model classification results ................................................ 60
4.3 Brick representation of NCP147 nuclesom e................................................ 62
4.4 The three translational and three rotational axes for pair of adjacent

base p a i r s .................................   62
4.5 Overview of the two step iterative optimization a lgo rithm .....................  64
4.6 Comparison of elastic model prediction and experimental data  . . . .  67
4.7 Sensitivity of estimated phase to total bend ............................................  68
4.8 Phase b in n in g ....................................................................................................  70

6.1 CTCF binding s i t e ........................................................................................... I l l
6.2 Block diagram for the proposed method ................................................... 115

xiv



6.3 Enumeration of gapped k-mers with exactly t  mismatches ................ 117
6.4 Plot of the normalized filter function <to(m) ........................................... 120
6.5 Enumeration of A-mers with m i and m 2 mismatches .......................... 124
6.6 Fast computation of mismatch profiles ....................................................  131
6.7 gkm filtering re su lts .........................................................................................  133
6.8 Comparison of different nucleosome positioning m o d e ls ......................  137

7.1 Average Nucleosome Positioning for 7-m ers.............................................. 145
7.2 Average nucleosome positioning for selected published m o tif s ............  147
7.3 RRPE co-localization with P A C .................................................................. 149
7.4 Motif distance to TSS and the nucleosome p a t te rn ................................  150
7.5 Nucleosome pattern  c lu s te r s ........................................................................  152
7.6 Reconstruction of average pattern  near the T S S .................................... 154
7.7 Excluding genes with TF binding s i t e s ....................................................  155
7.8 Distribution of 7-mers patterns sco res ........................................................ 157
7.9 Cluster average patterns using tiling array d a t a .................................... 160

8.1 Nucleosome organization near H X T 3 ........................................................ 165
8.2 Experimental design o v e rv ie w .....................................................................  165
8.3 Random Mutations Selection........................................................................  167
8.4 Overview of pYTi p la s m id ...........................................................................  169
8.5 Fusion-based PCR to insert GFP seq u en ce .............................................. 171
8.6 Fusion-based PCR to implement m u ta tio n s .............................................. 173
8.7 Primer Design for m utagenesis..................................................................... 178
8.8 Integration of GFP through homologous reco m b in a tio n ......................  181
8.9 Integration of foreign DNA to yeast g e n o m e ..........................................  182
8.10 Expression measurement by fluorescence m icroscopy.............................  184
8.11 HXT3 expression measured at different glucose concentrations . . . .  190
8.12 Comparison of the effect of poly-T sequence at different distances . . 192
8.13 Nucleosome occupancy score for different m u ta n ts ................................  194
8.14 HXT3 response to glucose for different s t r a i n s ....................................... 196
8.15 Comparison of experimental results and model p re d ic t io n s ...............  197
8.16 HXT3 regulation model ....................................................................   199

xv



Chapter 1

Introduction

1.1 O verview

Cells employ many mechanisms to  tightly regulate the expression of genes. This 

regulation is crucial for survival and optimal function. Disruption of regulatory mech­

anisms causes uncontrolled expression and often, severe outcomes for the organism. 

Some human diseases, such as cancer are associated with disordered gene expression. 

At the transcriptional level, gene regulation usually involves interactions of regula­

tory proteins, called transcription factors (TFs), with DNA through sequence specific 

binding, and interactions with other TFs and the basal transcription machinery. To 

model these interactions, our lab has developed many computational frameworks for 

systematically inferring combinatorial transcriptional regulatory logic and predict­

ing regulatory elements by detecting overrepresented sequences in promoters of co­
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regulated genes [1]. In eukaryotic cells, nucleosome positioning presents another level 

of complexity to gene regulation. Nucleosomes are formed by wrapping stretches of 

about 147bp of DNA around a core consisting of eight histone proteins. Nucleosomes 

can affect gene regulation by impeding or in some cases catalyzing the interactions 

between transcription factors and their binding sites; therefore directly affecting the 

accessibility and efficacy of a transcription factor binding site. Nucleosome positions 

are not static and can be modified, correlated with up- or down-regulation of genes. 

This makes nucleosome positioning an indispensable component of transcriptional 

regulatory logic in eukaryotes. Because of their prominent role in transcriptional 

regulation, a comprehensive description of gene expression must include a predictive 

model of nucleosome positioning, and developing such a model is the primary goal 

of this research. Microarrays and sequencing technologies have produced high reso­

lution maps of nucleosome positions under varying experimental conditions. While 

this data is extremely reproducible, variations in probe hybridization efficiency can 

make precise inference of nuclesome occupancy difficult. In addition, the mechanisms 

tha t specify nucleosome positions are still not clear. Our current understanding of 

this process is tha t nucleosome occupancy is determined by a balance between the 

energetic contributions of 1) phase dependent sequence specific interactions between 

DNA and the histones, and 2) a sequence specific tendency to adopt the strong defor­

mation required to wrap DNA around the nucleosome. In addition to  these, there are 

ATP-dependent remodeling mechanisms th a t influence nucleosome positions in vivo.

2



In particular we will focus on nucleosome positioning in yeast, as a  model organism. 

Yeast has a relatively compact genome (~12 million bp) and extensive nucleosome 

positioning studies have been done in yeast. Histones, which are the building blocks 

of the nucleosomes, are highly conserved proteins and understanding nucleosome po­

sitioning in yeast is likely to be a t least somewhat relevant in higher organisms. To 

improve our understanding of nucleosome positioning and our ability to  accurately 

predict nucleosome positions, this thesis has focused on a combined com putational 

and experimental approach to advance many aspects of this problem.

1.2 T hesis O rganization

This thesis is organized into the following parts: In chapter 2 we give background 

information about what nucleosomes are, why a model for nucleosome positioning 

is im portant, and how the nuclesome positioning is experimentally determined. Our 

ultimate goal in this work has been to improve our models of nucleosome position­

ing to make more accurate predictions of their affect on gene expression. As will 

become clear, a key component of nucleosome positioning is sequence specific direct 

DNA/histones interactions. Since our sequence based models require genomic data for 

training, we first found it necessary to develop a new microarray da ta  normalization 

procedure to improve the quality of the training data. In chapter 3 we present this ge­

nomic data normalization method to improve nucleosome positioning tiling array data

3



and to more accurately identify those genomic regions which are differentially occu­

pied by nucleosomes in response to environmental or developmental stimuli. Next, in 

chapter 4, we use the nucleosome positioning d a ta  to develop a context-based model 

to more accurately predict nucleosome positioning in yeast from DNA sequence. This 

model makes significant improvements to  our ability to  predict nucleosome affinity. 

At the same time, we were interested in how other classes of sequence based models 

would compare to this approach. Models using longer sequence features have the 

potential to be more accurate, but suffer from overfitting small training data sets. 

To circumvent this fundamental problem, in chapter 5 we develop a robust method 

for k-mer frequency estimation using gapped A;-mers, and we also develop a novel 

sequence similarity score based on it and show some of the results of this method 

as applied to enhancer prediction and nucleosome affinity in chapter 6. In chapter 

7 we investigate the regular average nucleosome positioning near transcription s ta rt 

sites in yeast and its relation to some transcription factor binding sites. Finally, in 

chapter 8 we describe an experimental system we developed to validate these nucle­

osome positioning models and their role in modulating transcriptional response in S. 

cerevisiae. In chapter 9 we give a summary of the results and a  discussion of future 

work.

4



Chapter 2 

Background

2.1 N ucleosom e P osition in g  and G ene R eg­

ulation

Cells employ many mechanisms to tightly regulate expression of genes. This reg­

ulation is crucial for survival and optimal function. Disruption of regulatory mech­

anisms causes uncontrolled expression and often severe outcomes for the organism. 

Some human diseases, such as cancer are associated with disordered gene expression.

At the transcriptional level, gene regulation usually involves interactions of regula­

tory proteins, called transcription factors (TFs), with DNA through sequence specific 

binding, and interactions with other TFs and the basal transcription machinery. To 

model these interactions, our lab has developed many computational frameworks

5



Figure 2.1: Hierarchical DNA packaging in chromatin. Nucleosomes are the first level 
of the chromatin organization and consist of a  stretch of 147bp of DNA wrapped 
around a histone octamer core

for systematically inferring combinatorial transcriptional regulatory logic and pre­

dicting regulatory elements by detecting overrepresented sequences in promoters of 

co-regulated genes [1].

In eukaryotic cells, nucleosome positioning presents another level of complexity 

to gene regulation. In these cells, DNA is compacted and packaged in the nucleus in 

a structure consisting of a complex of DNA, RNA and protein, called chromatin [2]. 

As schematically depicted in Figure 2.1, nucleosomes are the building block of this 

structure. A nucleosome consists of a stretch of ~147 base pairs of DNA wrapped 

~1.65 times around a core protein octamer [3]. The core contains two of each histone 

protein (H2A,H2B,H3, and H4) which are in the form of a  (H3 — H4)2 tetram er and 

two H2A-H2B dimers [4,5]. About 75%-90% of the genomic DNA is found to be 

nucleosome bound, the remaining consists of the nucleosome free regions tha t are 

placed between nucleosomes and are called linker DNA.

Nucleosomes are believed to affect gene regulation mostly by impeding the interac­



tion between transcription factors and their binding sites, therefore directly affecting 

the accessibility and efficacy of a transcription factor binding site (Figure 2.2A). 

Nucleosome positions are not static and can be modified, resulting in up- or down- 

regulation of genes (Figure 2.2B). This may occur in healthy cells in response to  a 

stimulus or in cancerous cells as a result of unwanted genetic alterations. As an ex­

ample, in the PHO regulon in S. cerevisiae, chromatin remodeling during phosphate 

starvation exposes binding sites for the Pho4 activator tha t are initially occluded 

by nucleosomes [6]. Also, some studies have related the epigenetically silencing of a 

tumor-suppressor gene in cancer cells to the presence of nucleosomes in a region in 

the promoter of tha t gene tha t is nucleosome free in normal cells [7]. This underscores 

the significance of better understanding of nucleosome positioning as a central piece 

in the gene regulation puzzle.

2.2 E xperim ental M easurem ent o f N u cle­

osom e P osition in g

To better understand and model nucoleosome positioning, having high quality 

nucleosome positioning data  is crucial. Recent advances in high-throughput tech­

nologies such as massively parallel sequencing and microarrays have allowed genome 

scale measurement of nucleosome positioning in yeast [10-14]. Similar techniques have 

been used to measure nucleosome positioning in D. melanogaster [15], C. elegans [16],

7



A
Functional TF site Non-functional TF site

ATTGG ATTGG
DNA region DNA region

In vivo occupancy In vivo occupancy

Uninduced

Induced

TATA

Figure 2.2: Nucleosomes can m odulate T F  binding. (A) On the left is a binding 
site th a t is functional and can interact w ith the TF. O n the right, the  same binding 
site is occupied by a nucleosome and therefore not accessible to  the transcription 
factor. [8](B) Nucleosomes can be dynamically positioned. On the top, the TATA 
box of a gene is bound by a nucleosome at the uninduced condition and the gene is 
off. Upon transcriptional activation, the nucleosome a t the prom oter is removed and 
the gene is upregulated. [9]
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Oryzias latipes (.Japanese killifish) [17], and in human cells [18-20]. Figure 2.3 depicts 

a method commonly used to experimentally measure nucleosome positions. In this 

method, chromatin is cross-linked by formaldehyde and then digested by micrococ- 

cal nuclease (MNase). MNase preferentially digests regions tha t are not protected 

by a nucleosome. Then the mono-nucleosome sized (~147bp) DNA fragments are 

purified (usually by gel electrophoresis) and applied to  microarray or high through­

put sequencing to detect protected (nucleosome bound) regions. Although the sites 

cut by MNase have some sequence biases towards A-T rich regions [21], an MNase- 

independent method [22] has also generated similar maps for nucleosome positioning.

2.3 M odels for N ucleosom e P osition ing

Nucleosome positions are not random. In particular, there is a nucleosome free 

region (NFR) at most of the promoters in yeast. Moreover, taking the average of 

nucleosome occupancy near transcription start sites (TSS) shows a significant regu­

lar nucleosome positioning pattern  (Figure 2.4). The mechanism th a t specifies this 

regular nucleosome organization is still unclear.

There are different mechanisms suggested in the literature tha t affect nucleosome 

positioning. Among these are: intrinsic DNA/histone interactions [11,24], ATP- 

dependent remodeling complexes [25-30], transcription factor binding and their com­

petition with nucleosomes for DNA [31-34], and the stabilizaton or destabilization of

9
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Sequencing
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genome

Chromosome coordinate (bp)

Figure 2.3: Measuring global nucleosome positioning: A) chrom atin is cross-linked 
by formaldehyde. B) MNase preferentially digests linker DNA. C) mono-nucleosome 
sized (~147bp) DNA fragments are purified. D) Purified nucleosomal DNA is hy­
bridized to tiling array or alternatively E) detected by high-throughput sequenc­
ing. Nucleosome positions are estim ated by analysis of the tiling array or sequencing 
d a ta  [23].
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occupancy profiles.
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nucleosomes by combinations of these factors and RNA-PolII [35.36].

In this section we will briefly review some of the models proposed in the literature 

for nucleosome positioning and then describe our approach in this thesis.

2.3.1 Intrinsic D N A /H is to n e  Interactions

In this first class of models, intrinsic DNA-histone interactions are the dominant 

determinant of nucleosome positioning. In [8], Segal and his colleagues proposed th a t 

a sequence based model based on dinucleotide frequencies (obtained from experimen­

tally specified nucleosome bound DNA) could explain up to 50% of in vivo nucleosome 

positioning in yeast. Hence, they suggested th a t nucleosome positions are encoded 

in DNA sequence as a genomic code and th a t DNA sequence and knowledge of the 

sequence based positioning code would be sufficient to predict nucleosome binding 

positions in vivo. These models rely on the fact tha t different DNA sequences have 

different affinities to bind to  histones. This model is motivated by the observation tha t 

there is a ~10bp periodicity in the dinucleotide frequencies (in particular AA,TT,TA, 

and GC, where GC is placed out of phase with the other three) in nucleosome bound 

DNA.

Nucleosomes can also be formed in vitro by salt gradient dialysis [37] of purified 

DNA and four histone proteins. In [11], Kaplan and his colleagues used massively 

parallel sequencing to measure yeast genome-wide nucleosome positioning in vivo 

and in vitro and showed th a t in vitro nucleosome positions are very similar to in
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vivo positions, supporting the idea th a t the nucleosome positions are DNA-encoded. 

In particular, the in vitro data  also recapitulated the average nucleosome free region 

(NFR) upstream of transcription start sites (TSS) and near transcription term ina­

tion sites (TTS). This is suggestive, bu t it is worth noting tha t the regular average 

nucleosome occupancy pattern near TSS (shown in Figure 2.4) was not exactly repro­

duced by the in vitro experiment, indicating th a t nucleosome positions are affected to 

some extent by other mechanisms. The lObp periodicity of A A /T T /A T  dinucleotides 

was observed in nucleosome sequences assembled both in vitro and in vivo [11,14]. 

However, this effect was stronger in vitro suggesting reduced effect of rotational po­

sitioning in vivo [14].

In contrast to Segal’s model, Kaplan’s model for nucleosome positioning uses 5-mer 

frequencies whereas Segal’s model relies only on dinucleotide frequencies. Moreover, 

K aplan’s model also includes contribution from sequences tha t are disfavoured by the 

nucleosomes while Segal’s model was based only on nucleosomal sequences.

Another sequence based model proposed for nucleosome occupancy used wavelet 

transform to  extract features from nucleosome bound and nucleosome free DNA se­

quences and built a logistic classifier to discriminate nucleosome bound regions from 

nucleosome free regions [38]. They used wavelet transform to capture the periodic­

ity of different sequence features in a nucleosome, however, since they used a dis­

crete Haar wavelet transform, this model only captures periodicity of powers of two 

(2,4,8,16,32,64,128) bp, while the experimentally observed features have a periodicity
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of around lObp. Also they only used the wavelet energy at each scale for each dinu­

cleotide., and did not use the position information of individual wavelet coefficients. 

Similar to Segal’s model, their model only relies on dinucleotide frequencies, however 

it also includes contribution from nucleosome free sequence features. For these rea­

sons we believe th a t this approach is not the best way to model the periodicity of 

nucleosome sequence affinity.

Another sequence based method th a t was proposed for nucleosome positioning is 

based on support vector machines (SVM) [39]. In this model, for each sequence of 

length 50bp, they form a count vector th a t contains the counts for every /c-rners for 

k—1,2,3,4,5,6. Then they train  an SVM to  classify /c-mer count vectors for nucleosome 

bound and nucleosome free sequences. By using a /c-mer frequency count vector their 

model loses the positional information for the /c-mers. However their results show 

th a t using /c-mer with k < 6, this model can discriminate bound and free sequences 

with high precision. Limited training sequence information and overfitting limit the 

maximum k they could use to build the SVM to  6. In chapter 5 we will develop a 

method to robustly estimate /c-mer frequencies for longer /c-mers using gapped /c-mer 

frequencies and based on th a t in chapter 6 we will develop a sequence similarity score 

th a t we.will use as a SVM kernel to model nucleosome positioning.
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2.3.2 S tatistica l P osition in g

An alternative model for nucleosome positioning th a t describes the regular nucle­

osome patterns around transcription start sites (TSS) is a  model based on statistical 

positioning of nucleosomes near some boundary region [23,40.41]. The boundary re­

gion is defined by a stably positioned nucleosome or a stable nucleosome free region, 

and can be formed, for example, by a sequence-specific protein binding, RNA poly­

merase, or even a strongly nucleosome repelling sequence such as poly-T stretches. 

Then, although the individual nucleosomes can stochastically occupy any region of 

DNA (except the boundary) with similar affinity, the existence of the boundary re­

sults on average in an array of regularly spaced nucleosomes at nonrandom locations, 

where the nucleosomes near the boundary are well positioned but as the distance to 

the boundary increases, the nucleosome positions become more disordered. This is 

in fact somewhat consistent with the observation that in vivo nucleosome positions 

follow a regular pattern near the TSS but the regular pattern is lost after moving a 

distance spanning a few nucleosomes into the coding region. [42] suggested th a t the 

first well positioned nucleosome (downstream of the NFR) plays the role of a barrier 

and the rest of the nucleosomes are statistically positioned against this barrier. The 

positioning of the first nucleosome can be established by genomic sequence or by the 

act of some active nucleosome positioning complexes. In most of the yeast genes, the. 

first nucleosome covers the TSS, such tha t the TSS is on average half a helical tu rn  

inside the first nucleosome. Moreover, it has a rotational phasing th a t tends to place
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transcription factor binding sides on the outside surface of the nucleosome [43].

2.3.3 N ucleosom es and Transcription

The regular average pattern near the TSS is asymmetric and is directional. Also 

the position of the first nucleosome is closely related to transcription start site in 

most of the genes in yeast. For these reasons, and because of the fact th a t the regular 

nucleosome occupancy around the TSS does not appear in in vitro data, [14] argued 

against the intrinsic DNA/histone interactions as being the major determ inant of nu­

cleosome positions in vivo. They suggested instead th a t early steps in the trancription 

process should be the determinant of the position of the first nucleosome [14,44]. The 

connection between nucleosome positioning around the TSS and transcription has 

been the subject of several studies. It is known th a t the nucleosomes flanking the 

nucleosome free region (NFR) are enriched in H2A.Z variant [45]. H2A.Z nucleosomes 

are reportedly less stable in vitro [46], and in response to transcriptional activation, 

the promoter nucleosomes (including H2A.Z containing nucleosomes) may get re­

moved [12,18,47,48]. However, the fractional occupancy of H2A.Z in NFR-flanking 

nucleosomes is not correlated with transcription levels in yeast [49] and nucleosome- 

free regions in general (whether or not in promoter region) are shown to  be correlated 

with H2A.Z.
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2.3.4 A T P -dependent Factors

By using the energy from ATP hydrolysis, nucleosome remodeling complexes can 

also actively affect nucleosome. positioning in yeast and other organisms [28,50]. 

SW I/SNF complexes for example can destabilize nucleosomes in an ATP dependent 

manner [51]. ISWI complexes have been shown to actively slide the nucleosomes 

along DNA [52]. It has been shown th a t in ISW2 deleted yeast, nucleosomes are 

shifted to their favored DNA-directed position [25] and the role of Isw2 is to posi­

tion nucleosomes onto unfavorable sequences. Chromatin structure remodeling (RSC) 

complex has also been shown to move nucleosomes away from their intrinsically fa­

vored positions. In RSC-depleted yeast, nucleosome-free regions (NFRs) shrink as 

the flanking nucleosomes move towards the in vitro model predicted sites [45]. At a 

subset of promoters, nucleosome positioning additionally requires the essential Myb 

family proteins Rebl and Abfl [45]. A more recent study has further highlighted the 

role of ATP-dependent factors on formation of regular nucleosome patterns around 

TSS by showing tha t very similar patterns form in vitro by salt gradient dialysis if 

in addition to purified DNA and histones, whole cell extract and ATP is added, but 

the patterns would not form in absence of ATP [53]. This shows th a t ATP is essen­

tial for regular positioning of nucleosomes around TSS, and intrinsic DNA/histones 

interactions are overcome by the ATP-dependent factors. Moreover, it can be argued 

tha t the absence of the in vivo regular pattern  in the in vitro nucleosomes formed by 

salt gradient dialysis in the absence of ATP, as well as constant spacing between the



nucleosomes formed at a  condition with lower concentration of histones, are against 

the statistical positioning model for nucleosomes [53].

2.3.5 Our A pproach

In this thesis, we will focus on building improved sequence based models to  predict 

nucleosome positioning by considering the geometry of nucleosome bound DNA and 

by developing novel computational approaches to  model nucleosomes. Although pre­

cise positioning of nucleosomes requires ATP-dependent factors at many promoters 

in yeast, the high correlation between genomewide nucleosome occupancy in vivo and 

sequence based model predictions (learned on in vitro data) [11] makes it clear th a t 

intrinsic DNA/histone interactions are also playing a significant role.

Our current view of the nucleosome organization in yeast is th a t it is not a single 

mechanism tha t is responsible for the nucleosome positioning in all regions; instead, 

the final position of nucleosomes are determined by the sum of the effects of multiple 

mechanisms, in particular, (i) the passive intrinsic intractions of DNA and histones 

which forms an energy landscape for preferred nucleosome positions, and (ii) the act 

of ATP-dependent factors tha t can move nucleosomes to  their unfavored positions by 

spending the energy of ATP hydrolysis. We will show th a t the former mechanism is 

primarily responsible for the regular nucleosome positioning pattern which is present 

in a subset of the genes in yeast.

On the experimental validation side, we will directly test our model with experi­
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ments focusing on a glucose regulated gene, HXT3. The HXT3 promoter is differen­

tially occupied by a nucleosome in response to glucose. A t low environmental glucose 

level the promoter is nucleosome bound, but upon glucose addition, the nucleosome 

is removed and HXT3 is transcriptionally activated. This change in nucleosome occu­

pancy clearly involves active mechanisms controlled by glucose signalling, and makes 

HXT3 a natural choice for investigating the effect of the intrinsic DNA/histone in­

teractions and the ability of sequence based models to predict nucleosome affinity. 

Because at (or near) the critical glucose threshold at which there is a transition be­

tween nucleosome bound to nucleosome free state, the overall effect of the factors 

(including the ATP dependent remodeling mechanism) results in equal probability of 

nucleosome bound and nucleosome free states. Hence, if the change in the intrinsic 

sequence based binding energy of nucleosome is significant in comparison to  the en­

ergy burden th a t the ATP-dependent factors can overcome, then we should be able to 

observe and measure the effect of mutations th a t change the intrinsic binding energy 

on the glucose dependent gene response.

2.4 Sum m ary

There are different mechanisms tha t affect nucleosome positioning in yeast, in 

particular, intrinsic DNA/histone interactions and ATP-dependent mechanisms are 

the two main mechanisms proposed in the literature. Each of these mechanisms may
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be affecting nucleosome positioning in some regions. In promoter of a subset of yeast 

genes. ATP-dependent mechanisms are shown to be responsible for the regular nucle­

osome pattern, while the intrinsic interactions of DNA and histones may determine 

the position of nucleosomes in some other regions of the  genome not affected by ATP- 

dependent mechanisms. Sequence based models trained based on in vitro nucleosome 

positioning data have been shown to  be able to predict the broad in vivo nucleosome 

occupancy with high precision although their ability to  predict precise genomewide 

nucleosome positioning is challenged. In this thesis we will build improved models for 

nucleosome positioning by considering the geometry of nucleosome bound DNA and 

by developing novel computational approaches. We will also design an experimental 

setup to  test and validate the predictions of the sequence based models.
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Chapter 3

Group N orm alization for G enom ic  

D ata

In [54], the effect of addition of glucose on genomewide nucleosome positioning 

in yeast is studied using tiling arrays. However, the tiling array signal suffers from 

high probe to probe variation and needs to  be normalized before it can be used for 

further analysis. In this chapter we will develop a novel normalization method th a t 

can be used to improve the data. D ata normalization is a crucial preliminary step 

in analyzing genomic datasets. The goal of normalization is to remove global vari­

ation to  make readings across different experiments comparable. In addition, most 

genomic loci have non-uniform sensitivity to any given assay because of variation in 

local sequence properties. In microarray experiments, this non-uniform sensitivity is 

due to different DNA hybridization and cross-hybridization efficiencies, known as the
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probe effect. In this chapter we introduce a new scheme, called Group Normaliza­

tion (GN), to remove both global and local biases in one integrated step, whereby 

we determine the normalized probe signal by finding a set of reference probes with 

similar responses. Compared to  conventional normalization methods such as quantile 

normalization and physically motivated probe effect models, our proposed method is 

more general and better fits to  nucleosome positioning da ta  since it does not require 

the assumption tha t the underlying signal distribution be identical for the treatm ent 

and control. Moreover, this method is flexible enough to  correct for nonlinear and 

higher order probe effects. The Group Normalization algorithm is computationally 

efficient and easy to implement. We also describe a variant of the Group Normal­

ization algorithm, called Cross Normalization, which efficiently amplifies biologically 

relevant differences between any two genomic datasets and use th a t to identify the 

regions where nucleosome remodeling occurs.

3.1 Introduction

Recent advances in high-throughput technologies such as massively parallel se­

quencing and microarrays have allowed contemporary biological experiments to rou­

tinely measure changes in molecular binding or transcription throughout the genome. 

These experiments generate large scale genomic datasets whose accurate interpreta­

tion requires a preliminary normalization step. For example, DNA-protein interac­

22



tions are commonly measured by quantifying the amount of isolated labeled target 

DNA by hybridization to complementary oligonucleotide probes on high density tiling 

microarrays (ChlP-chip), or by sequencing (ChlP-seq). In [10], Affymetrix tiling ar­

rays consisting of over 2 million oligonucleotides of 25 base pairs (bp) each, have 

been used to evaluate the genome wide nucleosome positioning in yeast. During the 

analysis of this data we noticed th a t the tiling array signal is generally highly repro­

ducible; however, it suffers from high probe to probe variation. This is most strikingly 

shown when randomly sheared genomic DNA is hybridized to a tiling microarray (as 

a control). In this case, one expects to see a flat, or uniform, hybridization signal, 

as genomic DNA and tiling probes are present in equal amounts. In this experiment, 

shown in Figure 3.1, however, the signal deviates significantly from the expected fiat 

curve, bu t is highly reproducible. Figure 3.1 shows the probe level signal for two 

independent genomic DNA hybridizations from [10]. Similar results for ChlP-seq 

occur because of sequence dependencies of the sequencing assay, as shown in Figure 

2a of [55]. For clarity of presentation, we will focus our description on the case of 

microarray hybridization, and we will refer to the phenomenon of sequence specific 

assay efficiency as the probe effect, which causes probes with identical input DNA 

concentration to display differential hybridization intensity. This behavior can par­

tially be explained by the fact th a t individual probes bind their target DNA with 

varying hybridization efficiency (for example because of their different GC content), 

but non-specific binding (NSB) and cross hybridization also contribute to  differences
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position (bp)

Log probe intensity (genom ic I)

Figure 3.1: Genomic assays are often highly reproducible, but have significant effi­
ciency variation across the genome. (A) Two genomic hybridization signals (biological 
replicates) from [10] shown along a portion of Chr III are highly reproducible, but 
deviate significantly from the expected constant signal. (B) Across the whole genome, 
these variations are highly reproducible. Two genomic hybridizations for the entire 
yeast genome are highly correlated (Pearson C=0.966).
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in observed probe signals. In this chapter we propose a  novel method to infer the 

normalized input DNA levels from microarray data  and correct for these probe effects. 

Most other genomic data sets involve similar probe or target sequence dependencies 

on assay sensitivity. For example, the sensitivity of massively parallel sequencing 

in a ChlP-seq or RNA-seq experiment might depend on the GC content at the 5’ 

end of the sequence. In addition to varying sequencing or hybridization efficiencies, 

the DNase or MNase assays used to prepare DNA may have subtle sequence affinity 

biases. While our method was developed by our interest in modeling nucleosome 

positioning data, which will be the primary example throughout the chapter, a sim­

ilar approach could be applied to other genomic datasets. For example, detecting 

differential genomic binding of TFs due to natural variation [56] or differential gene 

expression from RNA-seq data [57] could benefit from our nonparametric normaliza­

tion method. Improving the signal quality in genomic datasets strongly affects the 

accuracy and consistency of predictive models trained on this data  [58].

Another consideration is th a t most genomic experiments involve several conditions 

and/or replicates. There are usually at least two conditions: treatm ent and control, 

and for each condition there may be one or multiple replicates. Different arrays might 

have slightly different global experimental biases (due to  image scanning, variable 

concentrations, etc.) which are conventionally removed by a global normalization 

using one of the several available methods (see [59] for a comparison of different 

methods). After global normalization, the data are then corrected fo r  probe effect.
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Each of the normalization and probe effect correction algorithms makes assump­

tions about the distribution of probe signals th a t limits their general application. 

Quantile normalization [60] imposes identical probe signal distributions across condi­

tions. This is achieved by replacing the probe signal in each condition by the mean 

value of probes a t the same rank. Hence after quantile normalization all conditions 

will have the same histogram of probe signal and the Quantile-Quantile Plot (Q- 

Q Plot) will be a straight line. Although the assumption of identical distributions 

roughly holds in many cases, there are cases where it is clearly inappropriate. In the 

case of nucleosome positioning, about 75-80% of the genome is nucleosome bound; 

hence the distribution of the probe values for a nucleosome enriched condition should 

be significantly different than  tha t of the genomic control.

The rank-invariant set method [61] selects a set of probes with similar rank in 

all conditions. This set of probes identifies regions th a t do not vary significantly 

across the different microarray conditions; for example, they may be housekeeping 

genes whose expression levels vary only slightly in different conditions. A nonlinear 

model (e.g., splines) is then fitted to the variation among the invariant set probes 

and used to normalize the value of all other probes. Although the assumption of 

invariant activity of housekeeping genes may be valid in certain cases, in many other 

cases it can be difficult to define a suitable invariant probe set [62,63]. This limits 

the application of this normalization method.

In a more recent work, [64] have used a mixture model approach for ChlP-chip
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analysis th a t uses LOESS curve fitting for normalization. They perform separate 

LOESS fitting for probes with similar GC content to better model the nonlinear 

relationship between probe signal on different arrays. Although this method gives 

promising results in a variety of ChlP-chip experiments, the strength of their method 

lies in its robust estimation of the null distribution. The validity of this approach is 

based on the assumption tha t the majority of probes are null, which while often the 

case for ChlP-chip data, is not valid for nucleosome positioning data where over 70% 

of the genome is nucleosome enriched. Moreover, relying only on GC content limits 

the flexibility of their normalization algorithm.

After performing a global condition-to-condition normalization, it is im portant to 

account for the probe effect. Earlier Affymetrix array designs attem pted to correct for 

the probe effect by estimating non-specific binding signal (NSB), and by controlling 

for efficiency by choosing probes with constrained GC content. To estimate the 

amount of the non-specific binding signal (NSB), on some Affymetrix microarrays, 

there exists a mismatch probe (MM) for each perfect match probe (PM). The MM 

sequence is identical to tha t of the PM with the exception of the central base which is 

complementary to the central base of the PM probe. Although having a MM probe for 

each PM probe can help to estimate the NSB signal in some cases, in many cases MM 

probes does not give a direct measure of the NSB and their successful use is limited 

in practice. Usually, for a significant fraction of probes, the MM signal is even higher 

than the PM, which may be caused by the different hybridization efficiencies and
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the different abundances and numbers of sequences th a t bind to  each of the PM and 

MM probes. The distribution of probe signals for PM and MM probes are shown in 

Figure 3.2 for the [10] data, showing th a t they have significantly different distributions 

for the nucleosome enriched and genomic control conditions.

Since probe efficiency is mainly dependent on the sequence of the probes, some 

authors have proposed methods to  directly estimate the hybridization signal (both 

the NSB and also the gene-specific signal (GSB)) from the probe sequence [65,66]. 

In [65] the binding energies are approximated from a position-dependent weighted 

summation of the dinucleotide stacking energies, and least squares fitting algorithms 

are used to estimate the parameters. In [66] a sequence-based model for the probe 

affinity, called MAT, is proposed th a t includes a position dependent weight for each 

nucleotide. It also includes a nonlinear term  proportional to the count of each nu­

cleotide. It is shown tha t MAT can be effectively used to  capture most of the probe 

to probe variability [66], however, even after MAT correction, the probe effect is 

not completely removed [67]. The reason for this is th a t MAT is not comprehensive 

enough to fully model the probe dependent effects which are known to be significantly 

nonlinear. In a more recent work [67] has proposed a new method called TileProbe, 

tha t employs publicly available data from the GEO database [68] to further remove 

the probe effect from MAT corrected intensities. TileProbe uses the median of the 

MAT corrected probe intensities over all samples as a model for the magnitude of 

the residual probe effect. Similar to [64], it relies on the assumption tha t most of the
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PM MM

Figure 3.2: Mismatch probe distributions vary significantly in different conditions. 
Histograms for one treatm ent (nucleosome enriched, top) and one control (genomic 
DNA, bottom ) microarray are shown. The histogram  for PM (left) and MM (right) 
probes are plotted separately.
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probe signals are generated by the null distribution. This limits the application of this 

method for nucleosome positioning data, where most probes have signal. Moreover, 

although the above mentioned sequence-based models are based on physical quan­

tities such as stacking energies, the actual parameters are obtained by curve fitting 

and least square optimization, which may lead to  values tha t are not consistent with 

the original model. For example in Zhang’s model, in some cases, the coefficients 

for some dinucleotides are estimated to  be positive for NSB, but negative for GSB; 

further evidence th a t the sequence-based model is overconstrained.

A comprehensive model th a t can explain all of the probe variations at different 

conditions (DNA concentrations and temperatures) would be very complicated. Here, 

instead of using a model-based approach, we propose a data-based approach tha t 

integrates the normalization and probe effect correction steps and eliminates the need 

for an explicit underlying hybridization model. Instead, we estimate the parameters of 

a probe’s response from the response of a similar set of probes. The proposed method 

has the advantage of being robust and simple (no curve fitting to estimate parameters) 

and can effectively be used to normalize probe values. The proposed method can also 

be used for microarray data at two different experimental conditions to differentially 

amplify regions tha t have changed from one condition to  another. We demonstrate 

tha t this method can clearly and effectively identify the biologically relevant regions 

in the genome which respond to  an experimental stimulus, and th a t these regions are 

frequently difficult to distinguish from noise using alternative approaches.
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3.2 D escrip tion  o f Group N orm alization

M ethod

In this section we will describe the proposed method for tiling array data  normal­

ization.

3.2.1 G roup N orm alization

We model the observed signal yt for a given probe i as linear combination of three 

terms: first, the signal yt is proportional to the desired biological signal, x , . with a 

probe specific efficiency, A%. Second, each probe has a background signal independent 

of Xi which we model as a constant signal, Bx (a combination of non-specific binding 

and other target independent signals), and a contribution from random noise, e*.

Vi = AiXi +  Bi +  Si (3.1)

The normalized desired biological signal x* is unitless, and can be scaled arbitrarily. 

In the case of nucleosome positioning, we will use x* =  0 for fully unbound regions and 

1 for fully nucleosome bound regions. The random noise represents all factors tha t 

cannot be modeled by At and Bt , The goal of normalization is to determine x„t from 

the observed signal yl: and we do so by estimating A* and Bi for each probe. Although 

we will focus on tiling array signals for nucleosome positioning as an example, the 

model given in Equation (3.1) is quite general and the normalization scheme proposed
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here can be adapted to a  variety of genomic assays.

As briefly discussed in Introduction, the relation between the probe effect and the 

probe sequence is a nonlinear and relatively complicated relation. Instead of trying 

to develop a physically motivated model of this relation, in our approach, Group 

Normalization, we model this relation implicitly from the data. This is in contrast 

to most model based approaches, where an explicit model is assumed, and the model 

parameters are estimated by fitting to  the data  (e.g. [65,66]). Our method relies on the 

fact tha t on each high density microarray, there exist a very large number of probes 

(in a typical Affymetrix oligonucleotide tiling array, there are more than 2 million 

probes). Figure 3.3, shows a flowchart of the proposed method. In this method, for 

each probe pi, we find a set of reference probes, denoted R ef(p i), th a t have similar 

probe effects to Pi (i.e. for all the probes p:) in R ef(p i), A j is similar to A % and B3 

is similar to Bi). The key to our Group Normalization is a ranking method to define 

such a reference probe set. If Ref(pi)  is large enough, (we typically use N  — 1000 

probes for the reference set) despite random variation in individual probes, the probe 

dynamic parameters A* and B r can be robustly estimated from the reference set probe 

intensities. Figure 3.4 outlines this idea for Group Normalization for a single reference 

condition; below we will also consider the case of multiple reference conditions. In 

Figure 3.4 we highlight this process for two probes, one with high signal and one with 

low signal, but the procedure illustrated here is applied to  all probes. First, all probes 

are sorted by their intensity in a reference condition, e.g., a genomic DNA reference
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Figure 3.3: Flowchart of Group Normalization. Control arrays are used to  generate 
reference probe sets for each probe. Then we use the reference probe sets to  estim ate 
the probe param eters in the treatm ent arrays and to generate the normalized signal. 
We propose two distinct methods to  normalize the arrays: a Binary m ethod which 
parameterizes high and low signal for each probe (fa,iaw, fa,high)', or a  Q uantile-based 
method which uses the rank of each probe in the reference set.
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Figure 3.4: Overview of Group Normalization. Probes are shown sorted by on their 
values in a genomic hybridization (reference condition, black). For each probe, N  — 
1000 probes with closest signal in the genomic hybridization are assigned as reference 
set (dashed boxes) for each probe. Then high (red) and low (green) signal levels in the 
experimental condition (grey) are estim ated from high and low probe signal ranges 
for each set of reference probes.
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hybridization. For each probe i. the 1000 probes with similar rank in the reference 

condition define the reference set Ref(pi ) ,  shown in light blue. Then the reference 

set probes are sorted again by their value in a second condition, the experimental 

condition, e.g., nucleosome bound DNA. After sorting, the 1000 reference set probes 

define a mean for low signal probes, H i,low , and high signal probes, H i,h igh , within 

this reference set. The range of probe ranks which will define Hi,low  and H i,high  are 

parameters chosen to be appropriate for the given application. In the case shown 

in Figure 3.4, we use the 30% lowest and highest ranking probes to define Hi,low  and 

Hi,high, i.e., ranks 1-300 define low signal probes and 701-1000 define high signal probes 

within the reference set. Finally, the normalized probe value in the experimental 

condition is given by:

  Vi Hi,low , 0
norm alized

t^i,high fti.low

Our final results are insensitive to  the definition of the high and low probe ranges. 

The simple procedure in Equation (3.2) estimates the dynamic param eters A, and Bi 

through Hi,low  and H i,high, and explicit values for A z and B% are not directly required. 

The basic idea is tha t within each reference set, there are probes with high signal in 

the experimental condition, and there are probes with low signal in the experimental 

condition, and these probes effectively determine A, and B z for the probe pt . We refer 

to the method explained above as the binary group normalization method since we 

estimate two signal levels (high and low) for each probe. In the following we explain 

an alternative approach, tha t does not involve estimation of Hi.iow  and H i,high-



Instead of specifying a range of probes to  determine jX i^  and iMjngh-. a related 

approach would be to assume tha t the reference probes have the same distribution 

of the biological signal x*. Instead of defining the ranges for low and high probes, we 

apply quantile normalization, and use the signal in the quantile normalized average 

distribution as the normalized signal. In other words, we take the average of the ref­

erence set distribution for all the probes to find an average reference set distribution, 

then for each probe, the rank in the reference set is calculated and the normalized 

signal would be the value of the average reference set distribution corresponding to 

tha t rank. We have implemented this more general approach, which we refer to as 

quantile-based group normalization. Compared to binary group normalization, this 

method gives slightly better results with spike-in ChlP-chip dataset, bu t we get less 

signal to noise improvement in nucleosome positioning data.

3.2.2 Copy N um ber V ariation

In the definition of the reference set, we are implicitly assuming th a t all regions of 

the genome are responding to the same input DNA. But probes within repetitive re­

gions may be responding to multiple copies of identical DNA throughout the genome, 

as shown in Figure 3.5 for the response of a region containing a T y l transposon in 

yeast to a genomic hybridization. Therefore, for purposes of defining the reference 

set probes, we explicitly ignore repeats, as these regions could reduce the accuracy of 

our estimation of the probe parameters.
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Figure 3.5: Repetitive elements have large variations in probe signal and are removed 
from the reference set computation. Raw probe signals for genomic hybridization 
(control) neax YBLWTyl-1 locus on chromosome II in yeast are shown.

3.2.3 R eference Group A ssignm ent

Group Normalization is based on finding a set of reference probes tha t have sim­

ilar probe effects for each probe. In principle, this set could be found with high 

precision and provided by the chip manufacturer. But in practice, each laboratory’s 

hybridization protocols might be applied under somewhat different conditions, and 

probes tha t have similar dynamic parameters in one lab might have different dynamic 

parameters in another lab. Or more generally, a good locally linear estimation of the 

probe parameters under some conditions might not apply to  all conditions. We there­

fore recommend that individual users use a control reference condition, as described 

above, or a set of control reference conditions. Here we propose three methods to 

find such reference sets: 1) a single reference method, 2) a sorted average method
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for multiple reference conditions, and 3) a minimum distance method for multiple 

reference conditions.

3.2.3.1 Single Reference M ethod

In this approach we perform one genomic hybridization experiment (the reference 

condition), as described above. In this experiment, every probe should measure an 

equal amount of DNA. However, since oligonucleotide probes have different affinities 

and dynamic properties, the measured signal is not uniform (see Figure 3.1). To 

define the reference set we simply sort all the probes based on their value in the 

reference condition and for each probe we assign the N  neighboring probes as the 

reference set (Figure 3.4).

3.2.3.2 Sorted Average M ethod

Since any single hybridization is susceptible to some amount of random noise, 

using multiple reference hybridization may provide a more robust estimation of an 

appropriate reference set. When multiple reference hybridizations (conditions) are 

available, we propose using the sorted average method, where we sort all probes by 

their average signal in multiple reference hybridizations. We then assign N  neighbor­

ing probes as the reference set for each probe.
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3.2.3.3 M inimum D istance M ethod

The sorted average method minimizes the bias in estimation, bu t by only using 

the average signal, we are losing data about the variance of the probe values in 

the multiple reference conditions, which also gives us information about a probe’s 

reliability and our confidence in our estimation of its parameters. To improve the 

reference set assignment, the minimum distance method selects N  nearest probes in 

the multidimensional reference condition space. For example, say we have performed 

M  genomic control hybridizations, then the distance between two probes i and j  in 

M-dimensions is defined to be dfj — (1/M ) ]Cm=iPO" — X™)2, where (X™ is the i ’th  

probe signal in the m ’th  reference condition. So for each probe pz. we assign the N  

probes with minimum distance to  pi to  the reference set. This way, the probability 

tha t a highly variable probe (unstable from dataset to dataset) might mistakenly be 

assigned as a reference probe is decreased. Figure 3.6 depicts an example where the 

sorted average method and min distance methods give different results.

3.2.4  Cross N orm alization

In many applications, we are interested in detecting significant differences between 

two conditions, neither of which is a genomic control. For example, we may be 

interested in comparing the early and late response to  a stimulus, comparing pre- 

and post-stimulus, or comparing the response to two different stimuli. If a genomic
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Figure 3.6: W hen multiple conditions are available, minimizing distance yields a 
more reliable reference set assignment. Here for three different probes: p l= (0 .1 ,-0 .1), 
p2=(-0.3,0.3), p3= (0 .15,-0.20), the averages are A vg(pl) =  0; avg(p2) =  0; avg(p3) 
=  -0.025; but distances are d l2  =  0.4, d l3  =  0.1. So although probe 1 and 2 have 
more similar averages, probe 1 and 3 have more similar responses, and probe 3 is 
therefore a  better reference probe for probe 1.
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hybridization is available, we could separately normalize pre- and post-stimulus to  the 

genomic control, as described above, and then compare the two normalized signals. 

However, we are really interested in detecting changes between the two conditions, 

not changes relative to the genomic control. In this case, a more sensitive method 

to detect the relevant changes between the two conditions would be to  directly apply 

the normalization algorithm described above to the two conditions, i.e. use the pre­

stimulus data as the reference condition for the post-stimulus data, and use the post­

stimulus data as the reference condition for the pre-stimulus data. This amplifies 

the differences between the two signals. Then the correspondence between these 

asymmetric approaches is a measure of the reliability and significance of the detected 

changes in normalized signal.

3.2.5 Signal Q uality M easurem ent

In the following, we describe a method to  quantitatively evaluate the performance 

of the proposed normalization methods. We define the Signal Quality measure as 

shown in Figure 3.7. We assume tha t biologically significant changes between any two 

arrays will have significantly different signal, but will also have a spatial extent th a t 

covers many adjacent probes. To define a  set of probes whose signal is significantly 

changed in two conditions, we use the top 2% of probes sorted by the difference in 

signal between the two arrays spatially averaged over a window of 147bp. To avoid 

biasing the results toward one normalization approach, we use the intersection of
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the top 2% probes from each approach being compared (say. Group Normalization, 

Affymetrix MAS5 [69], MAT [66], and quantile normalization [60] of raw data, for 

which there was a 61% overlap between the top 2% probes using the four methods). 

These significantly changed probes axe indicated by open circles in Figure 3.7. Then 

the signal power, S, is defined to  be the mean square change of the signal on these 

probes between conditions A and B. The noise power, N, is the mean square change 

of the signal on entire probes between condition B and a replicate of condition B, as 

depicted in Figure 3.7.

Using data  from [54], three tiling arrays at T = 0  (prior to glucose addition) and 

three tiling arrays at T=60 mins (after glucose addition) were independently nor­

malized against four separate genomic controls using Group Normalization (binary 

method with four sets of low and high probe ranges as described above, and quantile 

based method), MAS5, MAT, and quantile normalization of raw data. To make a 

fair comparison between MAS5 and the other methods, we used a running average 

window of 20bp to match the 20bp bandwidth in MAS 5. Then the Signal Quality, 

S / N , over the significantly changed probe set in dB was calculated as 10 log10(S'/AQ. 

for all 36 combinations of conditions A, B and replicates. We used these combinations 

to estimate the mean and standard deviation of the improvement in Signal Quality.
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Figure 3.7: Signal Quality measure. Two tiling array signals corresponding to  nucle- 
osome occupancy a t two different experim ental conditions are shown for the H X T 3  
locus. We use two conditions and a replicate to  determine signal and noise, as fol­
lows. In condition A (with glucose), the highlighted region is nucleosome free, and 
in condition B (no glucose), it is nucleosome bound. S  is the difference of the tiling 
array signal a t two different conditions and reflects the signal strength. N  is a mea­
sure of noise and is estim ated by comparing the signal of two replicate microarrays 
a t similar experimental condition. We evaluate S  over a set of significantly changed 
probes (indicated w ith open circles) and N  over all the probes as described in the 
text. The ratio  S / N  is a genome wide measure of Signal Quality.

43



3.2.6  D etectin g  Enriched R egions in a Spike-in  

Benchm ark D ataset

To compare the performance of the group normalization, with some other ex­

isting methods, we applied this method on the Affymetrix and Agilent arrays data  

in the benchmark spike-in dataset [70]. For Affymetrix arrays, among the methods 

compared in [70] MAT gives the best performance. To compare our method with 

MAT, we substituted the probe standardization step in MAT with group normaliza­

tion and used the same method to detect enriched regions. We used rMAT [71] with 

the following parameters: dMax =  600, dMerge =  300, nProbesMin =  8, method 

=  “pValue” , threshold =  0.0001. For Agilent arrays, among the methods compared 

in [70] Splitter gives the best performance. To compare our method with Splitter, 

we substituted the normalization step in Splitter with group normalization and used 

the same method to detect enriched regions. We used the online implementation of 

Splitter (h ttp ://z lab .bu .edu/sp litter) with the following parameters: maxgap=200, 

minrun=2, mean, Signal cutoff—2.5s.d.

To compare the performance of the methods, we plotted the ROC-like curves 

similar to [70] and used area under the ROC-like curves as a measure to compare 

different methods. For a perfect classifier this area is 1, and for random it is near 

zero.
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3.3 R esu lts

We applied the proposed Group Normalization method on published genome-wide 

nucleosome positioning data in yeast [10,13,54]. The joint distribution of probes in 

the experiment (nucleosome enriched tiling array) and control (genomic hybridiza­

tion) before and after normalization is depicted in Figure 3.8A. Before normalization, 

there is a high correlation between signal in the experiment and in the control, which 

reflects the strong probe effect. This correlation between treatm ent and control is 

almost completely removed by our Group Normalization. Figure 3.8B shows nor­

malization results for nucleosome occupancy near the HXT3 promoter before, and 

60 minutes after, glucose addition. The array signal changes significantly between 

the two conditions, with a spatial scale of ~150bp, indicating th a t nucleosomes at 

the promoter are removed after glucose addition. Figure 3.8C shows the results for 

the cross normalization algorithm along the broader HXT locus on chromosome 4. 

The top row shows the 20bp running average of the raw data and the bottom  row 

shows the results using the cross normalization procedure described above. Cross 

normalization highlights the regions of differential nucleosome occupancy across this 

locus much more clearly than can be detected from the raw data. Specifically, it is 

clear from the cross normalization tha t while nucleosomes are depleted from HXT3 

promoter upon glucose addition, new nucleosomes have been placed at HXT6 and 

HXT7 promoters. These changes are consistent with the expression level changes for 

these genes, and with the facts tha t HXT3 is a low affinity glucose transporter and its
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Figure 3.8: Group Normalization results for nucleosome positioning in yeast: (A) 
probe distribution before (left) and after (right) Group Normalization. (B) Inferred 
nucleosome pattern at HXT3  promoter before (blue ovals) and after (red ovals) glu­
cose addition. HXT3  is upregulated at high glucose levels and repressed at low glucose 
levels. (C) Differential nucleosome occupancy in yeast in response to glucose addition: 
cells are grown on glycerol and then 2% glucose is added. Nucleosome positioning is 
measured before and 60 min after glucose addition [54]. The top curves show the spa­
tially averaged raw tiling array data, at time zero (gray dotted) and t= 60 (magenta). 
The lower plot shows the result of our normalization method. The red curve is the 
normalized differential nucleosome occupancy for t=60 min compared to t= 0  (high 
values imply increase in nucleosome occupancy in response to glucose). The blue 
dotted curve is the reverse analysis, comparing t= 0  to t=60. The yellow diamonds 
indicate ADR1  binding regions from ChlP.

expression is up-regulated upon addition of glucose [72], and tha t HXT6 and HXT7 

are high affinity glucose transporters.

We next applied our Group Normalization method to another nucleosome occu­

pancy dataset, measuring nucleosome occupancy in a histone H3 m utant strain [13]. 

Figure 3.9 depicts the results of [13], who used Affymetrix Tiling Analysis software 

(TAS) provided by Affymetrix. We reproduced the nucleosome occupancy profile in 

the AGE1 locus over the same region shown in Figure 8 of [13], shown in Figure 3.9A.
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We also used Group Normalization to process the data for the same region, shown in 

Figure 3.9B. The most significant change in nucleosome occupancy near AGE1 is tha t 

nucleosome binding has been reduced in the histone H3 m utant compared to  wild type 

strain. While this is barely detectable in Figure 3.9A, and somewhat more evident 

with Group Normalization in Figure 3.9B, cross normalization differentially ampli­

fies these differences in nucleosome occupancy in the two strains, as shown clearly in 

Figure 3.9C, highlighting the significant difference in occupancy upstream  of A GEl.

To quantitatively compare the genome-wide performance of the proposed nor­

malization method with existing methods, we defined a Signal Quality measure (see 

section 3.2.5), the difference of the signal of two microarrays a t two different ex­

perimental conditions (Signal) divided by difference of two microarrays at similar 

condition (Noise). Following [10,13,54], who used the Affymetrix MAS5.0 algorithm 

to process their tiling array data, we compared our Group Normalization method 

with MAS5.0. We also computed the MAT [66] normalized signal and quantile nor­

malized signal [60] for comparison. We measured the Signal Quality for regions of the 

genome tha t are differentially occupied before and after addition of 2% glucose [54] 

across the whole genome. As shown in Figure 3.10, Signal Quality was significantly 

improved from 8.8(0.7) dB using MAS5 to  10.5(0.6) dB using binary group normal­

ization, showing 1.7(0.4) dB improvement in Signal Quality compared to  MAS5.0 and 

l.l(0.8)dB  improvement compared to MAT. The numbers in parenthesis are the stan­

dard deviation for thirty six different data sets as explained in the section 3.2.5. Also

47



CVJ

V'Yif y

HHT2
hht2-AG

*

HHT2 v s  hht2-AG 
hht2-AG vs HHT2

1487k 1488k 1489k
position

1490k

Figure 3.9: Group Normalization results for histone H3 m utant dataset. Nucleosome 
occupancy in wild type (HHT2) and histone H3 m utant (hht2-AG) near AGE1 on 
yeast chromosome IV is show for region plotted in Figure 8 of [13]. A) Nucleosome 
occupancy plots using Affymetrix TAS software as was used by [13]. The dotted  box 
shows the location for the change in nucleosome occupancy. (B) Group Normalization 
makes it somewhat easier to detect the differentially occupied prom oter and clearly 
identifies the bound regions, bu t (C) cross normalization more strongly amplifies the 
differentially occupied region.
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Figure 3.10: Signal Quality comparison of Group Normalization to other methods. 
We applied different normalization methods to the nucleosome positioning data  and 
measured the Signal Quality using MAS5. quantile normalization (Q-Q), and MAT. 
Binary Group Normalization (GN-binary) has higher Signal Quality than  all other 
approaches tested. Quantile normalization (GN-quant) outperforms MAS5 and Q-Q 
but not MAT on this dataset. We also examined the sensitivity of binary Group Nor­
malization to different choices of low and high probe ranges used to  estim ate /i/0U) and 
Vhigh-- (w™, A*w9fc)= a: (.10-.40,.60-.90), b: (.05-.50..80-.95), c: (.10-.5CL5CK90), 
and d:(.10-.30..70-.90). All of these choices give virtually identical Signal Quality 
improvement.

as shown in this figure, using different ranges for low and high probe didn’t result in 

a significant difference in binary group normalization method performance. When we 

used the alternative quantile-based group normalization method described in section

3.2.1, we found a Signal Quality of 9.2(0.6) dB, so the improvement is 0.4(0.3) dB 

compared to MAS5 but significantly less than binary method.

The performance of group normalization is not very sensitive to the definition of 

high and low probe ranges. Considering the probe signal model of Equation (3.1), 

if the reference set probes are independent of the biological signal, x it then for all
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reference sets, the observed signal would have a similar expected distribution to 

Xi, scaled by A, and shifted by Bt . Therefore, using different ranges for low and high 

signal, would give the same normalized signal, except for a constant shift and scale 

factor, which are functions of the ranges used for low and high signal estimation. To 

examine the sensitivity of the method to the choice of the low and high probe ranges, 

we used four different sets of ranges for low and high probes: a) 10%-40%, 60%- 

90%, b) 5%-50%, 80%-95%, c) 10%-50%, 50%-90%, d) 10%-30%, 70%-90%, and 

compared the performance of the method using each set of ranges for the nucleosome 

positioning data, also shown in Figure 3.10. Since as expected the performance was 

very similar for all the four different ranges, we only used one set of ranges, 10%-40% 

to define m tiow and 60%-90% to define iM.jngk for the spike-in ChlP-chip analysis.

To further evaluate our proposed method against existing methods we applied the 

group normalization method on the benchmark spike-in dataset [70]. In this dataset, 

a known amount of DNA from defined cloned regions was spiked in to genomic DNA 

and performance of different platforms and algorithms was assessed by comparing 

their ability to accurately recover the spike-in regions. Compared to nucleosome 

positioning data, where a significant fraction of the probes differ in treatm ent and 

control conditions, in this data  set the spike in regions only cover about 0.2% of 

the probes, which is similar to expected ChlP-chip data  with limited targets. We 

compare our m ethod’s ability to detect these spike-in regions to alternative methods 

in Figure 3.11. Group Normalization using either the binary method (GN-binary) or
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quantile method (GN-quant) detects more spike regions than Splitter or MAT at the 

same false positive rate, as shown by the ROC-like curves in Figure 3.11A, defined as 

in [70]. The area under these curves summarizes the performance of each algorithm, 

as shown in Figure 3.11B and 3.11C, showing consistent improvement over previous 

methods.

3.4 D iscussion

In this chapter, we have presented a new normalization procedure for genomic 

datasets. Our approach is based on the idea tha t genomic data  sets have such a 

large number of sequences or probes th a t we can estimate the sequence biases of 

hybridization or sequencing (the dynamic parameters of the probes) from the response 

of probes across datasets. Because this approach estimates the dynamic parameters 

of a probe from a group of similar probes, we call our method Group Normalization. 

We have also described an approach based on this technique which highlights regions 

of significant signal changes between two experiments (Cross Normalization). We 

have shown tha t these normalization procedures can significantly improve the signal 

quality relative to the existing normalization methods. We have shown th a t Group 

Normalization improves signal to noise in nucleosome positioning datasets and can 

more accurately identify spiked-in regions in the benchmark data of [70].

While signal quality is a global measure which shows the benefit of Group Normal-
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Figure 3.11: Comparison w ith spike-in benchm ark d a ta  of [70]. A) We compare 
ROC-like curves for different platforms and algorithms: Splitter, which had the 
best performance on Agilent data, and MAT, which had the best performance on 
Affymetrix data. Area under the ROC-like curve (AUC) is shown for B) Agilent 
and C) Affymetrix datasets. Except for the diluted Affymetrix spike-in data , which 
had poor performance with all methods, Group Normalization (both GN-binary and 
GN-quant) consistently performs better than  previous methods, and has a higher 
sensitivity to  recover spike-in regions a t the same false positive rate.
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Figure 3.12: Comparison of autocorrelation of normalized nucleosome occupancy us­
ing Group Normalization and MASS algorithms for the [10] data. Group normaliza­
tion shows a slightly higher recurrence in nucleosome occupancy signal due to the 
periodic packing of nucleosomes.

ization compared to other approaches, in some cases, the biology under consideration 

can also show how Group Normalization improves the analysis of the data. For nucleo­

some positioning, the known spatial scale of DNA bound to the nucleosome constrains 

the signal to vary on a scale of 150bp. We can use genome wide nucleosome occu­

pancy data to construct the autocorrelation of the nucleosome bound DNA signal 

for data that has been normalized using Group Normalization or other approaches. 

Because of nucleosome packing, we expect this autocorrelation function to exhibit 

periodicity on a scale set by the 150bp nucleosome bound DNA plus linker DNA. 

As shown in Figure 3.12, the autocorrelation from group normalized data shows a 

stronger recurrence at 170bp in the autocorrelation function compared to MASS.

A possible extension of this model would incorporate an estimate of the variance 

of the probe signal from the reference set, and use tha t as a measure of the reliability
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of a probe. MAT uses a similar approach when combining the signal of neighboring 

probes.

While in this chapter we have only presented results on tiling microarray data, in 

principle, other high-throughput technologies could benefit from a model-independent 

normalization approach similar to Group Normalization. Our development of the 

Group Normalization procedure was motivated by the observation th a t tiling ar­

ray probes exhibit widely varying hybridization efficiencies, presumably due to  non- 

uniform variations in the local sequence properties of the probes. We normalized 

these varying hybridization efficiencies by finding a large set of similarly respond­

ing probes in a reference condition. Most other genomic technologies suffer from 

analogous sequence specific effects on the assay efficiency. These could range from 

sequence dependent shearing rates, endonuclease sequence cleavage preferences, or 

sequence specific priming efficiencies in the case of massively parallel sequencing as­

says (RNA-seq or Chip-seq). Because we do not try  to explicitly model the sequence 

specificity of the assay, but instead infer (estimate) sequence specific probe effects 

from a reference set of probes, our proposed approach should be useful in these cases 

as well.
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Chapter 4 

C ontext-B ased  M odel for 

N ucleosom e P osition ing

4.1 Introduction

Nucleosomes occupy specific positions in most of the genes in yeast [10,11,73]. 

Typically, a nucleosome-free region (NFR) is formed at gene promoter region, which is 

usually enriched in transcription factor binding sites. The NFR is followed by a well- 

positioned nucleosome tha t covers the transcription start site (TSS) and usually incor­

porates a histone H2A.Z variant [45]. Formation of the NFR is believed to facilitate 

binding of transcription factors (TFs) to their binding sites. Some DNA sequences 

have lower affinity to bind histones and /or are less flexible to form nucleosomes [8]. 

NFR formation near TSS and transcription termination sites (TTS) appears in vitro



as well. Hence, the relatively weak nucleosome affinity in the NFR near the TSS 

is thought to  be encoded in the DNA sequence of these regions [11], However, the 

precise positioning of the nucleosomes in vivo is affected by ATP-dependent nucleo­

some remodeling mechanisms [14]. This explains the difference between nucleosome 

occupancy profile in vivo and in vitro (Figure 2.4).

Recent work [11,38] has modeled the sequence dependence of nucleosome posi­

tioning using a combination of dinucleotide frequencies with periodicity th a t is usu­

ally modeled rigidly (10.5 bp) [11] or with varying periodicity (2, 4, 8, 16, 32, 64, 

128bp) [38]. But we expect th a t as DNA wraps around nucleosome, some flexibility 

in this rigid periodicity could be easily tolerated. Moreover, dinucleotide frequencies 

do not represent all the relevant structural properties or physical interactions between 

DNA and nucleosomes or other structures. In this chapter and in the next two chap­

ters, we describe three novel sequence models we designed to more accurately predict 

nucleosome positioning. First we describe the simple context-based model which is 

inspired by context-based probability modeling used in arithmetic coding [74, 75]. 

Then we describe a pha,se-dependent context-based model which improves context 

modeling for the context-based model based on a roll-twist-and-tilt model for DNA 

bending. Then, in chapter 5 we describe a novel method for robust estimation of 

/c-mer frequencies, and based on tha t we develop the gapped k-mer support vector 

machine (GSVM) model, which is described in chapter 6. Finally we compare the 

performance of these methods by directly assessing their ability to predict the in vivo
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and in vitro nucleosome positioning data.

4.2 Sim ple C on text-B ased  Sequence M odel

When wrapped around the core histone octamer, the structural conformation of 

DNA deviates from its native super helical form because of site specific DNA-protein 

interactions [76]. A direct model for sequence features th a t affect these interactions 

would necessarily be extremely sophisticated; however, we propose a data  driven 

model tha t is flexible enough to capture the most significant of these interactions and 

learn sequence features from nucleosome positioning data.

We build two probability models for DNA sequences, one for the nucleosome 

bound regions and one for nucleosome free regions. The probability of each base pair 

occurring in nucleosome bound vs. unbound regions is estimated from its local se­

quence context (neighboring base pairs in both directions). This is done by counting 

the number of times each of the four possible bases appears in the training data 

for each context model in each of the two classes (bound/free). This is shown in 

Figure 4.1. The number of neighboring nucleotides forming the context determines 

how accurately we can estimate the probabilities. Larger contexts can describe more 

specific combinations of bases and their periodicity; however, the problem with too 

many context bases is tha t we do not have enough training data to robustly estimate 

the distribution within each context. To overcome this, we dynamically set the con-
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text size (maximum of 12 bp) for each context model to  reach a minimum number of 

samples (e.g. 100) in the training set; this guarantees robust probability estimation 

and prevents over-fitting.

To predict whether a given sequence of length 147 bp would belong to nucleo­

some bound class, the average number of bits required to  code the sequence using 

nucleosome bound model (equivalently, the negative log likelihood) is calculated as 

follows:

1 N
Hbound, =  -  J j  ^(-Pftound&lcontexti)) (4.1)

2 = 1

where (N=147) is the sequence length. Similarly, the average number of bits is cal­

culated for the un-bound model as follows:

1 N
H unbound  _  jV ^  / ^ - * ^ 2 ( ̂ u n b o u n d i^ i  1Context,;)). (4■ 2)

i —1

The difference of the above two gives the model score:

• Hunbound ~  Hbcmnd, (4-3)

The higher the model score, the more likely the sequence is nucleosome bound. We 

have tested the performance of this model to classify regions that are unambiguously 

nucleosome bound or nucleosome free and quantify the models performance by the 

area under its ROC curve (AUC). Using data from [lO](Figure 4.2B) we find high 

predictive accuracy: AUC=0.94. In another dataset we used the model to discrim­

inate highly nucleosome enriched probes from nucleosome depleted probes in [77] 

(Figure 4.2C), with AUC=0.9. Finally, a similar dataset was used in [38] and our
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#  of bits 
-log(p)
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AAACAAGTGCA

AAACAAGTGCA

6 Pbound (A | AAAC A-GTGCA)= 6/21 1.81

AAACACGTGCA 
AAACACGTGCA

AAACACGTGCA

7 Pbound (C I AAAC A-GTGC A)= 7/21 1.58

AAACAGGTGCA
AAACAGGTGCA

AAACAGGTGCA

5 P bound (G I AAACA-GTGCA)= 5/21 2.07

AAACATGT GCA 
AAACATGTGCA 
AAACATGTGCA

3 P bound (T I AAACA-GTGCA)= 3/21 2.81

Nilcleosome-unbound
AAACAAGTGCA
AAACAAGTGCA
AAACAAGTGCA

3 Punbound (A I AAACA-GTGCA)= 3/22 2.87

AAACACGTGCA
AAACACGTGCA

AAACACGTGCA

5 Punbound (C I AAACA- GTGCA)= 5/22 2 .14

AAACAGGTGCA 1 Punbound (G I AAACA—GTGCA)= 1/22 4 .46

AAACATGTGCA
AAACATGTGCA

AAACATGTGCA

13 Punbound (T I AAACA-GTGCA)= 13/21 0.76

Figure 4.1: Context-dependent probability modeling: The probability of each base 
in each class (bound/unbound) is estim ated based on the number of samples in the 
training set th a t have the same context sequence. In the above example, the proba­
bility of the central base to be T given th a t the neighboring bases are AAACA-GTGCA  
is 3/21=0.14 in the bound class versus 13/21=0.62 in the unbound class.
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1 -Specificity 1-Specificity'bound

Figure 4.2: Context-based model classification results: A) Scatter plot for H unbound 
vs Hhound calculated as given in equations (4.1),(4.2) for nucleosome bound sequences 
(blue diamonds) and nucleosome free sequences (red stars). B) ROC curve for classifi­
cation performance of unambiguously nucleosome bound and nucleosome free regions 
from [10]; AUC=0.94. C) ROC curve for discriminating highly nucleosome enriched 
probes from nucleosome depleted probes in [77], AUC=0.9.

proposed context-based model outperforms N-score model [38], AUC=0.88, Segal’s 

original model [8], AUC=0.61, and Peckham’s model [39], AUC=0.78.

4.3 P hase-D ependent C ontext-B ased  M odel

Different DNA sequences have different flexibilities and preferred curvature. In 

particular it has been reported tha t certain dinucleotides appear periodically in nu­

cleosome bound sequences [8]. The period of these periodic features is estimated to 

be around 10.5 bp and coincides with the DNA double helix period. Thus, it appears 

tha t some sequences mostly appear on the outer surface of the nucleosomes while 

other sequences preferentially are in direct contact with the core histones. To form a 

nucleosome, the DNA molecule needs to make sharp bends [78]. This total curvature
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is distributed over individual dinucleotides. It has been shown th a t different dinu­

cleotides have different stiffness and different preferred conformations [79.80], and 

elastic models, such as the model proposed in [81] can be used to model DNA bend­

ing energies. However, in a nucleosome, forces and torques exerted by the histones 

core cause the DNA conformation to  deviate significantly from the predicted least 

elastic energy conformation as shown in [76,82], Therefore models merely based on 

DNA elasticity tha t ignore the DNA-protein interactions may not accurately predict 

preferred nucleosome positions. Our approach is to  employ a simple shear free elastic 

model to predict the phase for each dinucleotide in a bent DNA molecule from the 

stiffness and preferred roll, tilt and twist angles of dinucleotides. This determines the 

position of dinucleotides relative to  the core histones (i.e. whether a  dinucleotide is 

facing towards the core histone or it is on the outside surface of the nucleosome). Then 

we integrate the phase information into the context-based model to  better estimate 

the probability distributions for nucleosome bound and nucleosome free models.

4.3.1 P hase E stim ation

Similar to [76,81,82,86] we model each base-step as a rigid block (brick). Figure 4.3 

shows the brick model representation of the NCP147 nucleosome [83]. Using the brick 

model allows us to fully identify the position and orientation of each base-step in 3- 

dimensional space by having the position and orientation of the previous base-step 

plus six additional quantities th a t determine the position and orientation of a brick
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Figure 4.3: Brick representation of NCP147 nuclesome [83], from three different an­
gles. Param eters estim ated from crystal structure and figures p lotted  using 3DNA 
software [84,85]

Tilt (t) Roll (p) Tw ist (0)

Shift Slide Rise

Figure 4.4: The three translational and three rotational axes for pair of adjacent 
base pairs [78], Diagrams generated by 3DNA software [84,85]
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relative to the previous brick: three translocations (shift, slide, and rise) and three 

rotations (roll, tilt and twist angles). These are depicted in Figure 4.4. We model 

the to tal bending of the DNA molecule as the sum of the contributions of roll (p) and 

tilt (r) angles of each base-step multiplied by the cosine and sine of the phase (</?*) of 

tha t base-step:

bendi =  piCos{ipi) + r iS 'm (^i) (4.4)

Phase (ifi) is the accumulated twist angle (9t) and determines how the local roll or

tilt angle will contribute to the DNA bending around the nucleosome. We estimate

the elastic free energy of bending as follows:

146 146

E (Sj) = = -  P“ )2 +  -  r 0i)2 +  C l ip ,  -  -  e0i)2} (4.5)
i—1 i=1

where Ei is the free energy contribution from base-step a t position i. and consists 

of three terms to model the free energy changes for deviations of roll, tilt, and twist 

angles from their preferred values p0i. To*, and 60l (obtained from [80]) weighted by 

corresponding stiffness parameters C\,, C-u and Ca  (obtained from [79]). To find 

the phasing of each base of a 147 bp long fragment of DNA in nucleosome bound 

conformation, we minimize the free energy given in equation (4.5) with the constraint 

tha t the fragment has to wrap around nucleosome twice; i.e. 9erulL =  47t. To 

solve this optimization problem efficiently, we used a two step dynamic programming 

approach as shown in Figure 4.5: First we initialize bendi by uniformly distributing 

the to tal bend to every base-step, Then we keep the bend angles fixed and optimize 

twist angles (0,''s) using dynamic programming. For this, we define the recursive
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Start with a uniform bend 
(bj=tota!Bend/N)

No

Yes

converged?

Find optimum twist/phase 
(bend fixed)

Find locally optimum bend 
(phase/twist fixed) 

limit maximum change of each 
b; by +/-1 degree

Figure 4.5: Overview of the two step iterative optim ization algorithm for minimum 
free elastic energy estim ation of tw ist angles and bend distribution.
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penalty function as follows:

P(n,tp) = min P (n  -  1, tp -  0n) +  f{9 n, bn; ip -  9n) (4.6)
^ m in  SPri l ^ m a x

where f{9n,bn;tp) is the local energetic cost of the n :th  base step to take bending 

of bn degrees, with twist of 9 and phase of ip as defined in equaltion (4.8) below. 

P(n, <p) is the minimum partial energetic cost for base steps 0 , . . . ,  n  having bend 

angles bo,. . .  ,bn with ending phase equal to  tp. The initial condition for this recursive 

equation is given by P(n, tp) =  0 for n  < 0 and ip is cyclic, meaning th a t 2ir +  ip =  

p. This recursive form can be efficiently solved using the dynamic programming 

algorithm [87]. Then we fix the twist angles and find the optimum bend angles. For 

this we define a similar recursive cost function as follows:

P ( n , B ) =  min P(n -  1, B -  bn) +  f ( 9 n,bn: <p -  9n) (4.7)
b n  ~ ~ ' ^ ■ b n

where P(n, B)  is the minimum energetic cost for base steps 0 , . . . ,  n  having phases 

<po,...,<pn forming total bend equal to B.  The initial condition for this recur­

sive equation is given by P (n  < 0, B  = 0) — 0, P (n  < 0, B  ^  0) =  oo and 

P (n ,B  > maxTotalBend) — P ( n ,B  < m inTota lB end ) =  oo. This recursive form 

can be efficiently solved using dynamic programming technique. We used the following 

discretization of parameters: 20° < 9i < 50°, resolution (step size)=l°, —5° <  bendi <  

15°, resolution=0.5°, 0° <  ip < 360°, resolution=l°, —10° < total Bend < 730°, 

resolution—0.5°. Finally we define local bending energetic cost for a base step, 

f{6,b\ip), based on the base step parameters (mean and variance of roll, tilt and
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twist angles) as follows:

f(Q, b■ ip) = log(cr6) +  -  ,  ^  +  log(ag) + -  -  ,lf -  (4.8)
2 ab 2a$

where fie, Og are the mean and variance for twist angle, and fib = fipcos((p) +  fiTsin{ip) , 

crjj — <7pCos2(v?) +  a^sin2(ip) are the mean and variance for bend angle.

4.3.2 P hase E stim ation  R esu lts for N C P 1 4 7

To evaluate the performance of the DNA elastic model and the optimization al­

gorithm, we applied our model to the NCP147 nucleosome sequence [83] to predict 

the phase. Results are depicted in Figure 4.6. It can be observed th a t the estimated 

phase using the elastic model is very close to  the experimental crystal structure data.

We also evaluated the sensitivity of the estimated phase to the to tal bend angle 

by estimating the phase for different values of the to ta l bend (2tt, 3tt, Ait, 5n, 67t). 

Results are shown in Figure 4.7. It can be observed th a t the estimated phase is not 

very sensitive to the total bend angle. By increasing the to tal bend (over-stretching), 

each base step is stretched more to  yield higher bend, however the phasing remains 

mostly unchanged as the nucleotides tha t were facing towards the core remain inside 

and those on the outside surface remain outside.
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GAATCCASCTGAACATSSCTnTGATSSAuCAGTTTCCAAATACACTTTTGGTAGTA TCTGC AQGTGGAi
\nn\
H3/H4

K B lL tlJ  
H2A/H2B

Figure 4.6: Comparison of elastic model prediction and experim ental da ta  for
NCP147: The top curve is the roll angles inferred from crystal structure of NCP147 
nucleosome [83]; Cosine (iCAT) of the phase is shown in red on the  roll angle plot 
on top. Cosine of the estim ated phase (model prediction) is p lo tted  in blue on the 
second plot. Similarly, inferred tilt angles and Sine of the phase (iSAT) is plotted on 
the th ird  plot, and Sine of the estim ated phase (magenta) on the fourth plot. The 
estim ated bending (blue) of the NCP147 sequence by our model is plotted on the 
bottom
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p o s itio n

10
cro

<umro.c
Q.

p o s itio n

Figure 4.7: Sensitivity of estim ated phase to to ta l bend: We estim ated the phase 
and bend angles for NCP147 sequence [83] w ith various am ounts of to ta l bend 
(27t, 37r, 47r, 57r, 6?r). The top curve shows the accumulative bend angles along the 
sequence for different to ta l bend angles. T he bottom  plot shows the estim ated phase 
angles along the sequence for different to ta l bend angles.



4.3.3  Integrating P h ase  M odel w ith  C on text-B ased  

Sequence M odel

As we described in the previous section, we can estimate the phase for each nu­

cleotide in a nucleosome bound DNA sequence using the elastic model. The estimated 

phase gives the information about the position of each base in the nucleosome with 

respect to the core histones. To integrate this information with the context-based 

model described earlier, we bin the estimated phase values and for each bin, we esti­

mate the probability distributions for bases independently. We s tart the bin number 

from the center, so tha t the base near the center of the nucleosome will be placed in 

bin zero, and all other bins are numbered relative to that. This is shown in Figure 4.8 

for two different binning intervals tt and 7t / 2 . A comparison of performance of simple 

context-based model and phase-dependent context-based model will be given in section

6.3.2.

While we have shown th a t the incorporation of phase information through intrinsic 

flexibility and curvature improves the ability of our models to  predict nucleosome 

positions, these more complicated models require significantly more training data  to 

accurately specify the DNA sequence-histone interactions. To circumvent some of 

the limitations on context size imposed by the finite amounts of training data, we 

next developed an alternative approach to the context-based-model for describing the 

DNA sequence-histone interactions based on k-mev sequence features. As described
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P h a s e  b in  s i z e  =  k

bin number

Estimated phase  (radians)

P h a s e  b in  s i z e  =  n/2
bin number:

Estimated phase (radians)

Figure 4.8: Phase binning: The estim ated phase is binned (top figure: bin size of 
7r and bottom: tt/2)  and bins are numbered starting  zero a t the center (for the 
nucleosome dyad axis). Each phase bin will be handled as an independent context 
model in the conext based sequence model.
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in the next section, this fc-mer based model is designed to be more flexible in its 

description on sequence features and is more robust to  overfitting the training data.
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Chapter 5 

R obust fc-mer Frequency  

E stim ation U sing G apped fc-mers

Oligomers of fixed length, k, commonly known as fc-mers, are often used as fun­

damental elements in the description of DNA sequence features of diverse biological 

function. In [39] an SVM classifier based on k-mers of length k < 6 is used to dis­

criminate nucleosome bound and nucleosome free sequences, k -mers are very useful 

as general sequence features because they constitute a complete and unbiased feature 

set, and do not require parameterization based on incomplete knowledge of biological 

mechanisms. However, a fundamental limitation in the use of k-mers as sequence fea­

tures is tha t as k is increased, larger spatial correlations in DNA sequence elements 

can be described, but the frequency of observing any specific A;-mer becomes very 

small, and rapidly approaches a sparse m atrix of binary counts. Thus any statistical
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learning approach using /c-mers will be susceptible to noisy estimation of fc-mer fre­

quencies once k becomes large. Because all molecular DNA interactions have limited 

spatial extent, gapped k-mers often carry the relevant biological signal.

In this chapter, we describe a novel method to use gapped A;-mer counts to more 

robustly estimate ungapped k-mev frequencies, by deriving an equation for the mini­

mum mean square error (MMSE) estimate of fc-mer frequencies given gapped k-mer 

frequencies. Then in chapter 6, we describe a sequence similarity score (gscore) based 

on the robust fc-mer frequency estimation method. We use the proposed sequence 

similarity score as a kernel for a support vector machine (SVM) to build a general 

sequence classifier. We will use this classifier to discriminate nucleosome bound and 

nucleosome free sequences.

5.1 Introduction

Most analysis of polymeric biomolecules (e.g. protein, RNA, or DNA) at some 

point requires a model mapping polymer sequence features to functional molecular 

structures. In the context of DNA sequence properties, sequence similarity via se­

quence alignment, alignment to known repeat elements, and CpG islands are well 

known examples. In protein functional and structural studies, amino acid patterns 

are frequently mapped to structural or functional motifs (such as leucine zippers or 

phosporylation sites). These descriptions have been fairly successful. However, when
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modeling DNA-protein interactions, a core process in transcriptional regulation, there 

is less consensus on what to use as the best description of a  DNA sequence (a binding 

site) bound by a protein (a transcription factor). Many models of this process use a 

position weight matrix or PWM to describe the DNA binding site [1,88,89]. O ther 

approaches use oligomers of fixed length, k, commonly known as /c-mers, to  describe 

the DNA binding sites. Using /c-mers has the distinct advantage th a t they reflect 

the discrete space of all possible DNA molecules of length k, while the space of all 

possible PWMs is continuous and large. We were initially motivated to generalize 

/c-mer methods when our machine learning algorithms based on /c-mer frequencies 

were found to be effective at predicting enhancers and modeling transcription fac­

tor binding sites [58]. Other examples of successful bioinformatic applications based 

on /c-mers as sequence features include sequence homology [90,91], protein homol­

ogy [92], and predictions of cis-regulatory modules [93], transcription factor binding 

sites [94,95], transcription initiation sites [96,97], and splice sites [98,99],

When using /c-mers, larger k ’s will resolve larger binding sites and more accu­

rately reflect biological function. For example, some transcription factors (such as 

ABF1) have relatively long binding sites th a t cannot be completely represented by 

short /c-mers. So longer /c-mers capture more relevant information; however, there 

is a limitation on the maximum length k  which can be effectively used in statistical 

algorithms. Because longer /c-mers are more sparsely populated in any finite tra in­

ing sequence set, there is a maximum length k for which the /c-mer frequencies can
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be robustly estimated. Thus in practice, a  A; is chosen which is a tradeoff between 

resolving features and robust estimation of their frequencies. To overcome the finite 

training set size problem, one approach is to employ gapped /c-mer frequencies. A 

gapped /c-mer has a length I. and a number of informative columns within th a t A 

mer, k, which reflects the base pairs which actually affect the strength of the TF-DNA 

binding interaction. We have found tha t using gapped /c-mers can substantially im­

prove the reliability of the /c-mer frequency estimation for a finite genomic training 

set, because while /c-mers become sparsely populated, gapped /c-mers will still have 

many instances in the training set, and thus their frequencies can be more reliably 

estimated. We use the observed gapped /c-mer frequency distribution for all gapped 

/c-mers to estimate the ungapped Amer frequencies, which are sparsely populated. 

Mathematically we formulate this as the minimum mean square error estim ate for 

the Amer frequencies given the frequencies for all gapped /c-mers. We derive the ma­

trix, W .  mapping between these two spaces. A closed form for this m atrix is obtained 

by studying combinatorial properties of the incidence matrix.

This chapter is organized as following: in section (5.2) we formulate the Amer 

frequency estimation as a linear optimization problem and show th a t it can be solved 

by finding an eigendecomposition for A A T, where A  is the incidence matrix. In section 

(5.3), we provide the necessary preliminary information and some definitions needed 

for the eigendecomposition and the subsequent proof. In section (5.3.4) we define 

function v and prove some identities th a t enables us to find an eigendecomposition
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for matrix A A T in section (5.4). Then in section (5.5) we show tha t matrix W  is the 

Moore-Penrose pseudoinverse of matrix A. As a consequence, in section (5.6) we find 

a basis for the row space of matrix A  th a t can further explain the rank and some 

other features of this matrix. Fin all}', in section (5.7), we give a summary of the work 

in this chapter.

5.2 P rob lem  Statem en t

Given the frequencies for gapped /c-mers, we want to  estimate the frequencies for 

any given sequence of length £.

D efin ition  U = {uj}  , 1 <  j  < N  =  be is the set of all different sequences of length 

i  over the alphabet {0,1, • • ■ , b — 1}.

D efin ition  V  =  {vi} , 1 < i < M  =  (ek)bk is the set of all gapped /c-mers of length £ 

with k known bits and £ — k gaps.

D efin ition  M atrix Am*n — [ai,i\ is a binary matrix defined as the following:

{1 if Vi matches U j 

0 otherwise

D efin ition  x is a vector of length N , where X j  is the count for U j .

D efinition  y is vector of leiigth M, where yi is the count for vt .
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Given the above definitions, we can write the mapping from Amer counts to 

gapped /c-mer counts as:

y  =  Ax (5.1)

Assuming tha t xfis are independent and have the following joint normal distribu­

tion:

F (x )  = (2iry%  |E X|“ 2 e-K x-xj^s-^x-x) ^

where £ x =  a21^ is a diagonal m atrix with constant elements on the diagonal and x 

a constant vector.1 We want to find x  th a t maximizes (5.2) subject to the constraints 

given by (5.1). The MMSE estimate for x  is given below. Before this, we mention 

tha t since A A T is a positive semidefinite matrix, it admits the eigendecomposition 

A A T = QAQT where the m atrix A is a diagonal m atrix having nonzero eigenvalues 

of A A T on its diagonal and the columns of Q are normalized orthogonal eigenvectors 

ordered similarly. It is obvious th a t Q TQ =  I  and it is not hard to prove th a t 

QQTA  =  A. The proof is similar to th a t of Proposition 5.4.2(iii) given later in this 

chapter.

T h eo re m  5.2.1 Suppose that the matrices A, Q and A are defined as above. Then

the MMSE estimate for  x  is given by 'x .m m s e  — W y, where WN„M can be written as

the following:

W  = A r Q A -1Q r  (5.3)

1A  m o r e  a d v a n c e d  m o d e l  m ig h t  h a v e  £  s t i l l  d ia g o n a l  b u t  w i th  e le m e n ts  s c a l in g  a s  x.
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P ro o f  We use the technique of Lagrange multipliers to solve the above constraint 

optimization problem. We will find the x  th a t maximizes the logarithm of F (x ) and 

also satisfies 5.1. Applying the Lagrange multiplier theorem we have:

x — x  =  A r  X. (5.4)

Reordering (5.4) and applying (5.1) we obtain:

y  =  A A r  A +  Ax. (5-5)

Now, consider the following eigendecomposition for A A T:

AAt  =  QAQt . (5.6)

Multiplying both sides of (5.5) by A TQA~1Q T and applying (5.6) we obtain:

A TQA~1QT( y -  A x)  = A TQA~1QTA A r\

= At A. (5.7)

Reordering (5.7) and applying (5.4) we obtain:

X m m s e  =  W (y -  Ax) +  x. (5.8)

In our case x is a constant vector. Then, since the sum of the elements in rows of

matrix W A  is equal to 1, equation (5.8) can be simplified to

XMMSE =  W y  = ATQA0- 1QTy. (5.9)

hence W  — A TQA~]Q T , as required.



The derivation of an explicit form for the m atrix W ,  mapping gapped Anmers to 

Amers, is the central result of this chapter. Although equation (5.3) gives a method 

to obtain the weight m atrix W  from the eigendecomposition of matrix A A T given in 

5.6, numerical calculation of the eigenvectors for A A T is only feasible for small values 

of £, k, and b, as the size of matrix A  grows rapidly with larger values of £, k, and b. 

For example, for (£ — 15', k — 7, b = 4), we have N  = 109, and M  = 108. However, 

considering the symmetry in matrix A, it is easily proved tha t the m atrix W  has a 

simple structure: the entry witj only depends on the number of mismatches between 

the Amer iq and the gapped-kmer Vj; in other words, there exists a finite sequence 

of values wq. w \, ■ ■ ■ ,Wk such tha t Wij — wm if iq and Vj have exactly m  mismatches. 

Thus, the entries of m atrix W  are limited to a small set of values {wo, • ■ •, Wk}- These 

values are specified by the following theorem:

T h eo rem  5.2.2 The values of the elements of matrix W  are given by the following 

equation, in which, £ is the sequence length, b is the size of the alphabet, k is the 

number of known bits, and m  is the number of mismatches between the corresponding 

£-mer Ui and the gapped-kmer Vj :

(5.10)

We will prove this by first finding an eigendecomposition for m atrix A A r  and then

applying (5.3) in the following sections. First we will give some definitions.
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5.3 Prelim inaries and N ota tion

In this section, first we review some linear algebra definitions and theorems in 

(5.3.1). then provide some binomial identities in (5.3.2), then define some alphabets 

and word sets and matrix A  in (5.3.3). Finally in subsection (5.3.4) we define function 

v  and prove some identities th a t enable us to find an eigendecomposition for matrix 

A A T.

5.3.1 R eview  o f Som e Linear A lgebra T heorem s

Let F  be a field and A E F mxn be a matrix. The row space of A  is denoted as 

row(/4). the column space of A is denoted as col (/I), and the the dimension of the 

row space (which is the same as the dimension of the column space) of A  is denoted 

as ra nk (/I). The kernel of A . denoted as ker(A), is the space of all column vectors x 

satisfying A x  =  0 and the dimension of this space is called the nullity of A  and denoted 

as null(d). It is known tha t null(.4) +  rank(/l) =  n. Let B  G F nx” . The characteristic 

polynomial of B  is defined as P b ( z )  — det( z I —X ) .  An element A 6  F  is an eigenvalue 

of B  if there exists a nonzero column vector x  satisfying B x  — Ax; The vector x is 

called an eigenvector of B. It is observed th a t A is an eigenvalue of B  if and only if it is 

a root of the characteristic equation Pb {z ). For an eigenvalue A, the space ker (B  —XI) 

is called the eigenspace of B  corresponding to A. The algebraic multiplicity of an 

eigenvalue A, denoted as a(A) is the multiplicity of the root A of Pb {z ). The geometric
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multiplicity of an eigenvalue A, denoted by 7 (A), is the dimension of ker(H — A I). The 

matrix B  is called diagonalizable if there exists a nonsingular m atrix P  G Fnxn such 

tha t B  — P A 0P~l for some diagonal matrix A0 G F nxn. A matrix B  G TZnXn is known 

to be diagonalizable by a nonsingular matrix P  if and only if the eigenvalues of B  are 

real and a (A) =  7 (A) for all eigenvalues A of B. It is deduced th a t a diagonalizable 

matrix B  has a diagonal decomposition B  — P A 0P T where P  is a unitary matrix 

whose columns contain normalized orthogonal eigenvectors of B  and A0 is a diagonal 

matrix having eigenvalues of B  on its diagonal, ordered according to  the columns of 

P. From B  = P A 0P T by simple m atrix calculations, we conclude th a t B  =  QAQT , 

where the matrix Q is obtained by deleting the columns of P  which are in ker(S), 

and A) is obtained by deleting the zero columns of A0.

For a matrix A  G Cmxn its Hermitian adjoint, A*, is its conjugate transpose, i.e. 

A* is an n  x m  m atrix with A*(i,j)  =  A (j , i) .  A matrix A  is Hermitian if A = A *, 

thus a real matrix A  is Hermitian if and only if it is symmetric. A Hermitian m atrix 

A is positive definite if x* A x  > 0 for all nonzero x  G C", and positive semi-definite 

(x*Ax > 0) for all nonzero x  G Cn. It is concluded th a t a matrix A G Sn is positive 

definite if x TAx  > 0 for all nonzero x  G TZn, and positive semi-definite if x 1 A x  > 0 

for all nonzero x  G TV1.

For any matrix A, the matrix A r A  is positive semidefinite, and rank (A) =  

rank(AAT). Conversely, any Hermitian positive semidefinite matrix M  can be written 

as M  — A*A; this is the Cholesky decomposition.
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The Moore-Penrose pseudoinverse of a m atrix A. denoted by A +, is defined as a 

matrix th a t satisfies all the following four conditions:

A A +A  = A  

A +A A + = A+

(A A +Y  =  A A +

(A +A y  = A +A.

The Moore-Penrose pseudoinverse exists and is unique for any given matrix A. 

Also we have A + = ( A* A )+A* =  A*(A A*)+. For further properties of the Moore- 

Penrose pseudoiverse see for instance [100].

5.3.2 Som e B inom ial Identities

For real number x  and nonnegative integer n. the falling factorial (x)n is defined 

as x{x  — 1) • • • (x — n  +  1 ) and the binomial coefficient (*) is defined as ^ 2i. The 

binomial coefficients satisfy many interesting identities, some of which are discussed 

in this section (for further information see [101]). The following examples are among 

the well-known identities used frequently in this chapter:



Two more identities are given in the following Proposition.

P ro p o s itio n  5.3.1 (i) Let 0 < t < n < p < k  be integers. Then the following

identity holds:
/ lc\ f  Jc — n \  / <n\ / h \  / m\ f h — n \

(5.11)M  A - p U p '
<p )  \ n  - 1) \ t y

k \  I n \  i k — n 

j i )  V f y  \ P - t

(ii) Let 0 < p < k < £ be integers. Then the following identity holds:

k n
£ £ ( - i r ‘

n \  f k  — n \  t k -  A  ^  £ \  n

* - * ) £ ( » > ■n )  \ t )  \ p  — t
x (5.12)

71=0 t = 0

P ro o f  The first identity is proved as follows:

/fc\ AA f k - p \  _  hk\  f k  -  t \  f k  -  p \  _  f k \  f k  -  t \  /  k - p  
w w l ^ - v  W \ P - * / \ n - V  \ t ) \ p - t ) \ k - n - p  + t
f k \  ( k — t \  f k  — n \  f k \  f k  — t \  f k  — n \  f k \ f n \ f k  — n \  
\ t ) \ k  — n ) \ p  — t )  \ t )  \ n  — t )  \ p  — t )  \ n ) \ t ) \ p  — t )

To prove (5.12), denote the left side by rp_k,e, then using (*”") =  (pZjZx) +  

we obtain

p ,k,e — +  ^ ( - 1 )
t-o

= i p - i . k - i ^ + rp,k-i:i + y~)(—i) 
t=o 

k

= Tp- i . k - i . t  + Tp.k-i ,e  + y~)(-i)

_ |  j xt + Tp.k-\.e + y^(—1)k—t I

k—t

t=o
e\ fk

A \ f k \ f  - 1  

fk) \ t J  \p — t

t -  i

k—t

— Tp-i.k-ij + rPtk-i,e + (—l)ft Pl i. l l  lx''-
\  K j  V 'p J

Then by replacing k  by k! in rp>M -  Tp>k- i te = ( -1  )k~pQ { ^ l Pp)x p +  Tp-x^-i,* and 

summing up over k', 0  < k' < k, we get

~ p ,k ,e
- P  w r

k'= 0 fPJ \ k '  — p. 
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whence

tp-  i,k'-i,e- (5.13)

Now we prove the identity Tp>k,e = Hip) Y/i=o CDX" for p =  0,1, • - • , k  by bounded 

induction on p. For p =  0, using (5.13) we obtain To^.e — H i/)  which proves the 

required identity in this case. Now let 0 < p < k  and suppose tha t the result is true 

for p — 1. We prove the validity of the identity for p  by using the induction hypothesis 

and (5.13), as follows:

5.3.3 Som e M ore D efin itions and N ota tion s

Since we work with sequences of given symbols (or words over on a given alphabet), 

some definitions in this respect are mentioned. Let b > 1 be an integer; as usual, we 

define the 6 -ary alphabet by =  {0,1, • • • , b — 1}. In addition to this alphabet, two 

other alphabets, defined as follows, are frequently used in this work:

k

A b = E fe U {<?}

F, =  A b \  {0}
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The symbol g used above represents "'gap” (or wildcard) symbol. Hence, a gapped 

k-mer v of length £ is a sequence v of length i  over A& U {g} with exactly £ — k 

occurrences of symbol g. We add some useful definitions from the literature to  simplify 

the representation of our problem here. A word w  on a given alphabet A  is a finite 

sequence w =  W\W2 ■ • • wn with wt £ A. The length of w, the integer n, is denoted as 

|u>|. The occurrences of a symbol i in a word w  is denoted as Five im portant 

sets of words are defined below:

Ut = Zl

Vek =  {w  £ A eb : \w\g = I  — k}

v;k = { w e r i : \ w \ g = £ - k }
k

Ve,<k = U  Vim
m =0 

k
v L<k =  U  yL

m —0

For a set X  and a nonnegative integer n, by ( ^ ) , we mean the set of all n-element 

subsets of X .  For a word v' £ F^, we let Gv> =  {i : 1 < i < lu'l-u' =  g} and 

Gv> =  {1 , - - - , H }  \  GV'. Thus if v' £ r | ,  then we have \GV>\ = n  if and only if 

v' € We say elements u £ Ue and v £ VU: match if for any 1 < i < I  with

Vi ^  g we have Ui — Uj. The set of the elements v  £ VPk which are matchable with 

u is denoted by M Pk{u). The set of elements u £ IJP which are matchable with v is 

denoted by M'ek(v).

We define the matrix A Pk as a (0, l)-m atrix whose rows (columns) are indexed
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by elements of Vgk (elements of Ug) and with Agk(v ,u ) =  1 if and only if u and 

v match. Thus we have Agk(v ,u ) = 1 if and only if v 6  Mgk(u) if and only if 

u  € M'fk{v). If we interpret each element v € Vgk as the set of all elements u £ Ug 

which are matchable with v, then an incidence structure with the point-set Ug and 

the block-set Vgk is obtained in which every block consists of be~k points and every 

point occurs in (£) blocks. The m atrix Ajk then appears as the incidence m atrix of 

this incidence structure which is simultaneously the inclusion m atrix of elements of 

Ug vs. the elements of Vek.

In this chapter we prove tha t AgkAjk is diagonalizable and based on an explicit 

eigendecomposition we find the Moore-Penrose pseudo-inverse of Agk and we provide 

a formula for the entries of this matrix.

5.3.4 Function v  and R elated  Identities

For many applications it is useful to study the m atrix Ag^Ajj. The rows and the 

columns of this matrix are respectively indexed by elements of Vgk and the entry 

(AgkAjk) (v ,w ) has a simple combinatorial interpretation: The value {^AgkAj^ (v ,u i) 

counts the number of elements of Ug which match both v and w. In this section we 

present an orthogonal basis for the eigenspace of AgkA jk. For this purpose, first we 

introduce the definition of the function is : A b x  A b ^  Z  which has an essential role in 

the rest of this section. Then by using some identities we find the eigenvalues and the 

corresponding eigenvectors. We extend the natural order on (nonnegative) integers



to Z  U {5 } using the convention i < g for any integer 1 . Then we define the function 

v : A b x A b —t Z  as follows:
/

1 if x  < y or x — y — g,

(̂-T; y) — < 0  if x  > y,

- y  if x = y ^  g.

For any positive integer £, this definition is naturally extended to  u : A eb x Aj; —»• Z  

by a simple product rule as follows:

t
1y(wi ■ ■ ■ we, v[ ■ ■ ■ v't ) = ]^[ v{wu v'f).

i=i

Let n, k and i  be integers with 0 < n < k < £. Recall that Vf'n is the set of all 

words over the alphabet P?, with exactly l  — n  symbols g. Below we define two column 

vectors which are very im portant in this section.

D efin ition  The vector x eJfn is a column vector whose rows are indexed by the ele­

ments of Vgk with entries x ^ n(w) — u{w,v'). The column vector zI? is defined by 

z f t  =  x£fn; In other words, z*? is a column vector whose rows are indexed by ele­

ments u of Ug with entries z ^ (u )  — i/(u, v'). When there is no need to  emphasize the 

parameters £, k  and n, we simply write x v> and zv>.

P ro p o s itio n  5.3.2 Let n < k < I  and v' E V'tn. The following matrix identities



(ii) Aazp = b‘- txti n.

(iii) A,iAl,xT  =  6 ' - ( J : “ ) 4 : n -

(iv ) A lA ,kz$  =

P ro o f  (i) It is enough to prove th a t the identity

u') =  (*  _  «') (5.14)
y € M l k {u )

holds for any u € Up. The nonzero summands of the summation on the left 

are obtained from the words y € Vpk in which all symbols g appear in positions 

GV! (Using |Gv| = £ — n, we conclude th a t there are (eeZk) such summands). 

On the other hand, since y  €  M ik(u), it is easily seen tha t for any such y we 

have v{y,v')  =  u(u,v'). Thus the summation is simplified to  (*l£)^(n >v') as 

required.

(ii) It is enough to prove tha t the identity

u(u, v') — be~kv(v, v )  (5.15)
u e M ' ek{y )

holds for any v € Vpk- We prove this in two cases:

C ase (a). Suppose tha t Gv C Gv>. Then for any u €  M'lk(y) we have

v{utv ' ) =  v ( u i , v $ =  v{vu v'£) =  u{v,v')
iQGv> i&Gv/

and since there are be~k such words u. the equation (5.15) thus follows.
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C ase (b ). Suppose th a t Gv £  Gv>, consequently Gv \  Gv> ^  0. Now for any 

i 6  Gv \  Gv: we have v't) — 0, thus the right side of (5.15) is 0. We prove 

tha t the left side is also 0 as follows. The nonzero summands in the summation 

are obtained from elements u & X  where the subset X  C Ue is given by

X  =  {u € U( : Ui < Vi for i €  Gv \  Gv> and Uj =  Vi for i € Gv}.

Thus we obtain

.

u £ X  2=1

i€Gv i€Gv\Gv/ ui—0 i£Gv(~\Gv/ U{—0

i (zGv i € G v \ G vt Ui— 0

=  0 .

The last identity holds because for any% £ Gv \  Gv> we have = 0  v(v,i, u')

E 5 = 0 i - ^  =  o.

(iii),(iv) These are immediate consequences of parts (i) and (ii).
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R e m a rk  1 . The definition of the function v  and its extension and the inverse 

type formulas of parts parts (i) and (ii) of the previous proposition show similarities 

with properties of the Mobius function (see Chapter 12 of [87] for instance).

P ro p o s itio n  5.3.3 Let u £ Ue and v  £ V^. Let P  = {i : 1 < i < £, Vi 7  ̂g, Vi =  u ^ ,  

Q =  {i : 1 <  i <  £,Vi ^  g .V i  ^  U i } ,  \P\ — p  ( and consequently \Q\ — k  — p ) .

(i) For 1 <  i < I  let
6 - 1

Then we have

4>i(u,v)  =  <

otherwise, i.e. i f i & Q .

(ii) The following identity holds
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P ro o f  (i) If i € P  and v* > 0 then

6 -1

M u >v ) =
v{vu D vjui, j )  

j ( j  + 1 )3=Vi
6—1E t/yUi

o ( n

2  6 —1 -  

"■ + E 777

Vi  f  1  1

Vi +  1 V Wf +  1 

6 - 1

If i G P  and Vi = 0, then given j  > 1, we have i /(ui,j) — v (v i , j ) =  1. hence,

6 - i  x

t  j t i  + 1 )3

6 - 1

The case i 6  Q is done similarly.

(ii) W ithout loss of generality suppose th a t v =  vx ■ ■ ■ Vkge~k. Let P  — {1, • ■ ■ ,p}  

and Q = {p +  1, • • • , k}  and for a subset G  G (^L n^) let X'ln{G) = jV  G V[n : 

Gv’ =  G). Denote the left side of (5.16) by S. Since the nonzero summands in 

(5.16) are obtained from the words v' G V'tn which have g’s a t the £—k rightmost 

positions, we may just consider words v' — v[ ■ ■ ■ v'kgl~k with \v[ • • • v'k\g — k — n.
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Then we have

E 'r—> X""' IS^V.v'^V^UjV1')
Z — j  z__-/ z_—/ i  r  /  /  / , -i \

t=0r 1e(^)T2e(n«()^€A-'n(T1uT2) 1J; v zKv i +  ^  

n  u(v^ v'i)u(uu v'i)n ______________________________________________ __

E Y ^ y _____________ i£Gy<______________
Z - y  Z _ - /  T T  / /  /  ̂ \

4=0 T i e ( ^ )  r 2e ( n®t) « ' e A 'n ( T iu r 2) l j .  +  G
i € G vi

y  y  y  y  tt

^ O r x s Q r a e ^ O J ^ n ^ u T a J t e T i U T a  '

y  y  y  tt / y  u{vi>v'i)v{uuv'i)
Z ^  Z ^  1 1  I Z ^  -t/fu' +  i)
4- °  T ie ( ^ )  T2e ( n® t) *€T 1UT2 f'= m a x {l,U j}  * 1

n

J2  J2  Y 1  n  &(“>v)
t=°T1e(^)r 2e(nZ ) ieTlUT2

E E E (by p”‘(i,)
T,€(3 ra6(„?,)

6 " “  \ t )  \ n  — t ,i=o \  /  \  /

5.4 T he E igendecom position  of AekAjk

D efin ition  Given b. we define Apk as a m atrix whose rows and columns are in­

dexed by the elements of Vfk and V[<k respectively and whose entries are given by 

Apk(iu,v') =  v(w, vr). In other words, the columns of A (k are exactly the vectors x v> 

for v' € V[<k- For 0 < m  < k, we define the m atrix A Pk.m as the subm atrix of A ek 

which is obtained by retaining the columns indexed by elements v' 6  V'(m and omitting
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the other columns. Consequently, we have the following block decomposition:

&e:k — [Ar,fc;0 ! • • • , A^*,]

The block decomposition of A (tk.m is given in the proof of the following proposition.

P ro p o s itio n  5.4.1 The matrix AgkAjk has exactly J2n=o («)(^ — nonzero eigen­

values as follows: For any n, 0 <  n < k, there are (*) (b — l ) n eigenvalues equal 

to Xn — and the eigenvectors corresponding Xn are of the form with

v' € V'ln. These eigenvectors are pairwise orthogonal and A ekAjk is diagonalizable.

P ro o f  By using Proposition 5.3.2 (iii), each xf fn is an eigenvector of A tkAjk corre­

sponding to the eigenvalue (lf f‘n)b e~k. Moreover, for different words u' 6  Vfni and 

v' £ K'.n2> the vectors x ê ’ni and x ^ ' n- are orthogonal as it is proved in the sequel. 

To prove the orthogonality of the eigenvectors, it is enough to prove th a t for any in­

teger £, for all integers k, m, n  with 0 <  m ,n  < k  the m atrix products A jk.nA ek;m are 

diagonal if n — m  and 0 otherwise. We prove this by induction on I. For £ = 0 there 

exists just one matrix A 0 ,fe;n, so there is nothing to prove. For 1 = 1 .  either k =  0 or 

k — 1 . In the first case the matrix A 10;o has just one entry, so there is nothing to 

prove. In the case k  =  1 we have the following matrices and it is straightforward to 

check tha t the matrices A ^ 1:7lA iil;m are diagonal if n = m  and 0 otherwise.
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A l,l;0 —

V

i — 1

1 2

1 1

-1  1

0 - 2

w
6 - 1

1

1

V (6 - 1)

Before continuing the proof, note th a t from the definition of Ae.k-,m the block 

decomposition of this matrix is concluded as follows, where 0  • • • . for instance, stands 
for the set of all indexes commencing with 0. Note th a t the  matrix 0fk.n is an (fj bk x 

( * ) ( 6  — l)n matrix with all zero entries.
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g . . . 1 . . . i  • - - 6 — 1 . . .

0 & ( - l , k - l ; m - l

J . . . - & e - l , k - l ; m - l

& e - l , k - l ; m - l

i  ■ • •

0<—l , k —l ; m —1

6 — 1 . . . 0 /  —l.fc —l ;m —1

g . . . O e - l , k > m - l O e ~ l , k - , m - l

Now we suppose tha t the aforementioned property holds for £— 1 . which means th a t 

the matrices A j_ lk .nA ( - i tk-m are diagonal if n  =  m  and 0 otherwise. To prove this 

property for £, note tha t using the above block decomposition and some calculation, 

the matrix A j k.rlA f k.m consists of b x b blocks, all of which are 0 when m  ^  n; bu t 

the matrices on the diagonal are themselves diagonal when m  =  n. Considering the 

dimensions, this fact simply implies the required proposition for £ and proves the 

result.

Now note tha t the matrix A(kAjk has entries be~k on its main diagonal, there­

fore trace(AtkAjk) — be~kbk (^) =  be(k) and this equals the summation of previously 

obtained eigenvalues, considering their multiplicities, as follows:

!  3  (6- i r A ” = £  Q  G -  C D  £  G )  ^  - 6' n

But the matrix A tkA jk is symmetric positive semi-definite, so it has no negative 

eigenvalues; hence, all the remaining eigenvalues are 0. We have already shown th a t
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for any nonzero eigenvalue A of AekAjk, the algebraic multiplicity and the geometric 

multiplicity of A are the same. For A =  0., observe tha t AekAjk is a square m atrix of 

order (k)bk and the algebraic multiplicity of 0  is o ( 0 ) =  (k)bk — — !)” • On

the other hand, the geometric multiplicity of 0 is the nullity of AekAjk which equals 

7(0) =  {ek)bk — rank(j4^Al^.). hence 7 (0 ) =  a(0). Since for any eigenvalue A of A fkAjk, 

the equation 7 (A) =  a(A) holds, we conclude th a t this matrix is diagonalizable.

R e m a rk  2. Again consider equation (5.3) and suppose tha t the m atrix AekAjk 

has an eigendecomposition of the form A(kAjk — PikK0Pjk in which the columns of Pgk 

are normalized orthogonal eigenvectors and the diagonal matrix A0 has corresponding 

eigenvalues on its diagonal. Moreover, we may suppose th a t the nonzero eigenvalues 

appear first, thus the matrix Pkk has a decomposition Pek =  [Qek ATtk\ where the 

columns of Qek are the eigenvectors which do not lie in the null space of A(kAjk. and 

the columns of Nek are the eigenvectors which lie in the null space of Ajk.

More precisely, we present the matrix Qek as below.

D efin itio n  Based on the informal description of Qek given in Remark 2 and the 

results of Proposition 5.4,1, we define Qek as a m atrix whose columns are vectors 

where v' e

P ro p o s itio n  5.4.2 With the above definitions, the matrix AekAjk admits an eigen­

decomposition of the form AekA jk — QekA~1Qjk. Moreover, the following properties 

hold:
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(i)

Qek = A ekE,  (5.17)

where E  — diag(rrAT|)v/6l/ /<)c- Moreover for  v' 6 Vfn we have

| J tn i
I

\
( f  - " 11  ‘< + <C) (5-18)

iZG,,'

(ii) We have

Q ekAQ l  =  AekA]k , (5.19)

Q e k A ^ Q l  -  &ekD A jk, (5.20)

where D  = diag (^(dv')v'evj <k^ and,

dv> = ---- -— 2---- Z--------------------- • (5-21)
( H ^ l )  5 H G. i n K  +  , f )

ieG„,

(iii) We have

QtkQtk = I  (5-22)

QekQjkAek — Aeu- (5.23)

P roo f  (i) These are immediate consequences of Definition 3, except the last equa­

tion. To calculate the norm of x v-. w ithout loss of generality let Gv> = {1, • ■ • n},

hence v' =  v\ ■ • ■ v'nge~n and it is evident th a t the nonzero elements v{tu,v') of 

x v> are obtained from the words w — rs € with |s| =  I  — n. |sL =  t  — k,
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r = Ti • • -rn and 0 < <  v\ for % — 1. • • • , n, Moreover, the value v(iu,v')  is

independent of s and there are choices for s. We thus provide

as required.

(ii) The first equation is proved easily considering Remark 2. To prove the second 

one, observe tha t

Q tk A - 'Q l  = A ekE A ~ lE r A jk,

in which the matrix D  =  EA ~l E T is a diagonal matrix of the form D — 

diag((dv')v,€V’̂ k) with entries dv> =  A_ ||2 or
!Gv' ̂ v

d = _____________ i_____________

î zGy/

(iii) Since the columns of Qtk are normalized orthogonal eigenvectors, the first iden­

tity  holds. To prove the second one, using the notation of Remark 2, we begin 

by claiming

A jkN ek = 0.

In fact if y e  kex{AtkAjk) then from A ekA jky =  0 we obtain y T A ekAjky  =  0 

and H^Jyll  =  0, thus Ajky — 0, which proves the claim. Now, by using the 

decomposition Pfk — [Qek R-ek] and the equation PtkP]k -  / ,  we obtain QekQjk +
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NekNa = L. hence A JkQekQ]k = Ajk ~ A lkN tkNjk which yields AjkQekQjk = A jk 

using the above claim. Transposing both sides yields the result.

5.5 T he M oore-P enrose P seudo-Inverse o f

Mk
In this section we prove th a t the matrix Wek, defined in Equation 5.3 is the Moore- 

Penrose pseudo-inverse of A ek. We calculate the entries of this matrix:

Wtk — AjkQ tkA~x Qjk- (5-24)

P ro p o s itio n  5.5.1 The matrix Wek =  AjkQekA ~xQJk *s the Moore-Penrose pseudo­

inverse of Aeh-

P ro o f  First note tha t

WekAihWik = (AjkQgkA~1Qjk)Aeh(AjkQekA~1Qjh)

=  A JkQ(kA 1QjkiA (kAjk)QehA l Qlk 

=  A\kQikA 1Qjk(QekAQjk)QekA 1Qjk 

~  A JkQik{A XQekQ^kA )(QjkQik)A XQjk

= A ekQekA Qek

= w ek.

Second, we have
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A-tkWtkAtk = Aek{AjkQgkA- lQ~lk)Atk 

=  {AikAjk)QtkA~lQjkAtk

— Qek(AQ]kQekA l )QlkAek

— QikQjkAik

= A ek (by Proposition 5.4.2 (iii)).

Now we can calculate the entries of Wek ■

Proposition  5.5.2 Let u E Ue and v E Vgk■ Let P  =  {i '■ I < i < £,Vi ^  g,Vi =  u,}, 

Q = {i '■ I < i < £,Vi ^  g,Vi Ui}, |P | =  p (and consequently |Q| — k — p). Then 

the value Wgk(u ,v ) is obtained as follows

( 5 ' 2 5 )

Equation 5.25 shows th a t the matrix entries Wck(u, v) only depend on the number 

of mismatches (k — p) between the gapped A;-mer, v. and the £-mev, u.

P ro o f  Define the matrix Bek by

B ek =  QekA^Qjk, (5.26)

so Wek = AjkBek- First we calculate the entries of Bek• For this, note tha t by (5.20)
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and (5.21), for any y . v  G Vgk we have

B g k ( y , v )  =  u (y>v ' ) v { v ; v ' )dv'
V'^ve,<k

y '  _______v{y ,v ')v{v ,v ’)_______

i£Gv/

Now. fixing u € Ug and v  €  Vgk, by using W ek =  AjkBgk, we have

Wffc(u,v) =  Bgk(y,v),
yeMek(u)
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which yields

w m(u,v)=  v v —_ -----
( ' - f i ' 1) i=-i n  v'm + 1)

i € G „ ,

1 \T^ v(u, v') ST' , „ /\
z - '  TT ,j/(y  .

n = 0  0  u ' s v ; ;  11 +  l ) y £ M t k (u)

iSG„

Y "  1  V -  v ( v , v X u , v ' )  , h  ( r  u l v
Z _ ^  ( e - n \ h e ^ n  Z _ s  t t  , ,  ,  .  ( ° y  ( 5 - 1 4 ) )
7 1 = 0  U - f c ) ^  v 7 g V 7 1 1  V i ( U i  +  1 )

v t n  __
i€C?„

be (Z ' \ t / \ 77, _  i
n = 0  \ £ —k /  t —0 \  /  \

^ 5 ( s 5 > - " “ C ) ( : ) ( ! r > - ' '

b e O  t ' o  ( I )  U  \ t J \ p - t

1 ( £ \  ^ n \  f k  — n \  ,, tED->r : M i

as required.

R e m a rk  3. Alternatively, one can use an eigendecomposition for A r A, given by 

A]kA ek = Q e k X jk  an<4 obtain Wgk =  Q&A Proposition 5.3.2 can be used to

show th a t z^? defined in Definition 5.3.4 are eigenvectors for the matrix A TA. where

102



x eJ?n are eigenvectors for A A T (corresponding nonzero eigenvalues).

Now we are at the point to prove Theorem 5.2.2:

P ro o f  o f T h e o re m  5.2.2. Considering Proposition 5.5.2 and setting p — k  — m, 

the result is obtained.

C o ro lla ry  5.5.3 With notations of the previous Proposition, suppose that u E Ue 

and v E Vm have exactly m  mismatches and define w'tkm by w'ekm = be(fk)Wek(u,v). 

Then the values w'tkrn satisfy the following recursive equations.

P ro o f  Since u and v have m  mismatches, using notations of Proposition 5.5.2, we 

have \Q\ — k — p — m, so p — k — m. Hence,

the other recurrence relation, suppose tha t m  > 0 and observe th a t by (5.29),

(5.27)

k-e , 0 < m  < k. (5.28)

(5.29)

Now, if m =  0 then w't k 0 =  Yln=o (n) (^ — 1)" and (5.27) is easily concluded. To prove

This concludes the derivation of the m atrix W lk.
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5.6 A  B asis for row(Atk)

This section gives some additional insight into why the rank of A is less than 

(l)bh, because not all of the equations for the gapped fc-mers are independent.

It is easily proved th a t the matrix A ek admits the following block decomposition, 

where 0 • • •, for instance, stands for the set of all indexes commencing with 0.

0 . . . 1 . . . . b - I - - -

0 . . .
/

Ar-i,fc-i 0 0

1 . . . 0 Ae-i,k-i 0

b — 1- ■ ■ 0 0 A-e-i,k-ig . . . , A e- i tk -1 1 V I

This decomposition gives some information about the row space of A ^ -  Here we 

propose an explicit basis for this space, but before this we need to define another 

matrix.

D efin ition  The matrix A^<.k is a (0,1) matrix with rows and columns indexed by 

the elements of Ue and Ve.<k-, respectively and with entries satisfying A e t< k { u , v ) = 1 

if and only if u  is matchable with v. In other words, A t <k is the m atrix obtained by 

combining the matrices A ^ , i — 0, • • • , k. vertically. The row of Ae.<k indexed by a 

word iu € Ve,<k, is denoted by r ?u.

P ro p o s itio n  5.6.1 The matrix A^<fe has the same row space as A e,k, so rank(A^<fc) =
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(nK^ — !)” ■ Moreover, the set (rw')w>eV> h constitutes a basis for  row(Ae^)-

P ro o f  First we prove th a t any row of A ^n^i is expressible as a  summation of some 

rows of A(tn. For this, consider a word w 6 V g .n - i  and with no loss of generality, 

suppose th a t w begins with g , say w = gv for some v E It is easy to observe

tha t

Thus, the row space of A(_n_i is contained in the row space of Apn, and we provide 

row(/l^<fc) =  row(yf^fc), so rank(y4^<fc) =  rank(A ^). Based on this, using the fact 

rank(/bfc) =  va,nk(AgkAjk) and Proposition 5.4.1, we obtain

Now observe th a t (5.30) can also be written as

6 - 1

rot; = rg v ~ Y 2  Vt" (5-31)
i=i

and by consecutive applications of this equation, we conclude th a t for any word 

w — 0rnv with to > 0 and v E Vf_m k_m, the following equation holds

Note tha t the words xv  in the right, all belong to Vfk. We conclude th a t for any 

w E Vfk \  Vf., rw can be written as a linear combination of some rows rv> with 

v' E Vf,. Now the set of vectors (rv')v'e\gk generates row(j4^<fe) and has the same

(5.30)
t=o

(5.32)
xer™
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number of elements as the dimension of this space, so it is a basis for row(A^<r); as 

required.

R e m a rk  4. Some properties of our m atrix Agk are similar to the set inclusion 

matrix of 1-subsets vs. fc-subsets: see for instance [102],

5.7 Sum m ary

We have derived a simple form for W(k, the matrix which maps gapped A>mer 

counts to •f’-mer counts. We have shown th a t this matrix is the Moore-Penrose pseudo­

inverse of A(k and yields the MMSE estimate for x. This approach can be used to 

find robust estimates of A-mer frequencies from limited training data, which should 

reduce overfitting in statistical model learning from genomic sequence data.

One caveat which should be mentioned is th a t our MMSE estimate of Wik has the 

property tha t it does not constrain counts of x m m s e  i*1 Equation 2.9 to be positive. 

In practice we circumvent this difficulty by thresholding the impulse response of the 

filter tha t generates the estimated counts from the training sequences. This detail, 

and application of our method to sequence classification problems, will be discussed 

in the next chapter.
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Chapter 6 

Gapped fc-mer Support V ector 

M achine (G SV M ) M odel

Based on the robust fc-mer frequency estimation method described in the previ­

ous chapter, in this chapter we will present a  novel class of smoothing filters, called 

gapped k-rner filters, and apply th a t to estimate £>mer frequencies from limited train­

ing data. Then we describe a sequence similarity score (gscore) based on the robust 

fc-mer frequency estimation method. We use the proposed sequence similarity score as 

a kernel for a support vector machine and build a general sequence classifier. We will 

use this classifier to classify nucleosome bound and nucleosome free sequences. We 

also present a novel data structure and algorithm for fast calculation of the kernel ma­

trix. This makes the GSVM method feasible to problems involving large genomewide 

datasets.
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6.1 Introduction

As described in the previous chapter, most analysis of polymeric biomolecules 

(e.g. protein, RNA, or DNA) at some point requires a model mapping polymer se­

quence features to functional molecular structures. In the context of DNA sequence 

properties, sequence similarity via sequence alignment, alignment to  known repeat 

elements, and CpG islands are well known examples. In protein functional and struc­

tural studies, amino acid patterns are frequently mapped to structural or functional 

motifs (such as leucine zippers or phosporylation sites). These descriptions have been 

fairly successful. However, when modeling DNA-protein interactions, a core process 

in transcriptional regulation, there is less consensus on what to  use as the best de­

scription of a DNA sequence (a binding site) bound by a protein (a transcription 

factor). Many models of this process use a position weight matrix or PW M to de­

scribe the DNA binding site [1,88]. Other approaches use oligomers of fixed length, k, 

commonly known as /c-mers, to  describe the DNA binding sites. Using /c-mers has the 

distinct advantage th a t they reflect the discrete space of all possible DNA molecules 

of length k, while the space of all possible PWMs is continuous and large. We were 

initially motivated to  generalize /c-mer methods when our machine learning algo­

rithms based on /c-mer frequencies were found to be effective at predicting enhancers 

and modeling transcription factor binding sites [58]. Other examples of successful 

bioinformatic applications based on /c-mers as sequence features include sequence ho­

mology [90,91], protein homology [92], and predictions of cis-regulatory modules [93],



transcription factor binding sites [94,95]. transcription initiation sites [96,97], and 

splice sites [98,99].

When using /c-mers, larger /c’s will resolve larger binding sites and more accurately 

reflect biological function. For example, some transcription factors (such as ABF1, 

CTCF, etc.) have relatively long binding sites th a t cannot be completely represented 

by short /c-mers. So longer /c-mers capture more relevant information; however, there 

is a limitation on the maximum length k  which can be effectively used in statistical al­

gorithms. This is an even more significant problem for the very long sequences bound 

by nucleosomes. Because longer /c-mers are more sparsely populated in any finite 

training sequence set, there is a maximum length k for which the /c-mer frequencies 

can be robustly estimated. Thus in practice, a k is chosen which is a tradeoff be­

tween resolving features and robust estimation of their frequencies. To overcome the 

finite training set size problem, one approach is to  employ gapped /c-mer frequencies. 

A gapped /c-mer has a length £, and a number of informative columns within th a t 

Arner, k. We refer to the non-informative columns as gaps within a word of length 

£. For example, the gapped /c-mer A C G G -T - would match ungapped Amers ACGGATG, 

ACCGGTA, ACCGATA, etc. In the case of TF-DNA binding interactions, the gaps within 

a binding site can represent bases which do not significantly contribute to  the se­

quence specificiy of the TF-DNA interaction. We will show tha t using gapped /c-mers 

can substantially improve the reliability of the /c-mer frequency estimation for a fi­

nite genomic training set, because while /c-mers become sparsely populated, gapped
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fc-mers will still have many instances in the training set. and thus their frequencies 

can be more reliably estimated.

As an example, let us consider the binding site of the well-studied transcription 

factor, CTCF, whose binding site is shown in Figure 6.1. Table 6.1 shows the list 

of top scoring gapped 6-mers of length 12 and their number of occurrences in the 

CTCF bound (positive) and matched control (negative) sets. It can be observed th a t 

these gapped 6-mers have a high amount of overlap with each other. And although 

they are all statistically significant, each gapped 6-mer is present in a subset of the 

positive and negative sequences and hence a comprehensive model needs to combine 

the information from several individual gapped fc-mers. When combining the gapped 

fc-mers: counts, their overlap should be taken into account. This chapter presents a 

method for using observed gapped fc-mer frequency distribution for all gapped fc-mers 

to estimate the ungapped Amer frequencies, which are sparsely populated. In chapter 

5, we derived an equation for the minimum mean square error (MMSE) estimate for 

the Amer frequencies given the frequencies for all gapped fc-mers. Here, we present 

an algorithm to  directly calculate this MMSE estimate for the Amer frequencies from 

the training set without the need to  calculate the frequencies for gapped fc-mers. We 

do this by finding the transformation th a t maps the Amer counts in the training 

set directly to MMSE estimate for the Amer frequencies. This transform ation turns 

out to be very simple and expressible in terms of i  +  1 coefficients th a t weigh the 

contribution of each sequence in the training set to  the MMSE estim ate based on the
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Figure 6.1: C T C F  b in d in g  s ite . Position Weight Matrix for CTCF is depicted.

number of mismatches. The proposed algorithm is fast and can be easily modified 

to guarantee positiveness for the estimated t'-mer frequencies. We then present an 

alignment free sequence similarity score based on the £-mer count estimates and give 

an algorithm to calculate an SVM kernel based on that. Our results show tha t 

this model yields robust estimation for £-mer counts for large I  and can significantly 

improve the classification algorithms to classify biological sequences. In particular, 

we present results for modeling yeast nucleosome positioning data and mammalian 

enhancers.



Table 6.1: Top scorin g  ga p p ed  6 -m ers for C T C F  b in d in g  d a ta

Gapped 6-mer 

Sequence

Count in 

positive set
Count in 

negative set
P-value

CCnnnnG nnG GC 5596 1377 < 1 x 10“"
C CnCnnG nnGnC 5101 1294 < 1 x 10“ "
CnnnAG nnG G Cn 4784 1132 < 1 x 1 0 ""
CAnnnG nnG G Cn 4619 1055 < 1 x 10“"
C CAnnnG nnGnC 4754 1132 < 1 x 10“ "
CCAnnnG nnGG n 5169 1373 < 1 x 1 0 -"
CCnnCnG nnGG n 5365 1496 < 1 x 10“"
C C nnnAG nnG nC 4720 1146 < 1 x 1 0 -"
CCnnCnnGnGG n 5184 1399 < 1 x 10“"
CAnnAGnnG nCn 4302 1066 < 1 x 10“"

Table 6.2: A  re p re se n ta tiv e  se t o f 14-m ers

14-mer
Sequence

Count in 
positive set

C ount in 
negative set

C ount estim ate 
in positive set

C ount estim ate 
in negative set

estim ates
ratio

PW M
-score

CCACTAGGTGGCGC 17 0 3.44 0.10 35.00 17.65
CCACTAGGGGGCGA 2 0 1.91 0.10 19.37 15.66
CCACAAGGGGGCGC 3 0 3.14 0.17 18.16 15.68
ACACTAGGGGGCAC 2 1 1.45 0.14 10.52 14.84
CCATTAGAGGGCGC 2 0 1.52 0.08 18.54 13.00
AGATGGGATCCACC 3 0 0.21 0.20 1.06 -8.29
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6.2 M eth od s

6.2.1 M M SE  Frequency E stim ation

As described in the introduction, given a limited training set, Amer counts will 

become sparse for large word lengths I. Hence, in the previous chapter, we developed a 

method using gapped fc-mers counts to estimate A mers counts for longer words [103].

Given the length £, and the number of informative columns fc. there exist M  = 

(k) 4fc possible gapped k-mers. Let us denote these gapped fc-mers by vt . i = 1..M, 

and the number of occurrences (counts) for each gapped fc-mer by yl. i -= 1..M. Then 

the MMSE count estimate x  for a given Amer, u, is given by

M

x  = Y 2 Wiyi t6-1)
2 = 1

where the weight Wi only depends on the number of mismatches, to, between vt and 

u. and is given by the following equation:

\ k —m J  t = 0 N '

a result which was proved in chapter 5.1 Here b is the alphabet size and is equal to  

four for DNA sequences. The above equation would give a non-zero count estimate 

even for an Amer th a t does not have any exact match in the training set.

Direct use of Equation (6.1) for estimating Amer counts requires calculation of
/fc-Av

1E quation (6.2) is equivalent to  equation (5.10). We have used the binomial identity  —
WU)

.(.Z..0  to  explicitly show th a t  wm’s are alternatively positive and negative.
\k — m)
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the gapped fc-mer counts for all M  different gapped fc-mers, which for large values 

of £ and fc, may become computationally impractical. In addition to  that, summing 

up a large set of floating point numbers may result in poor numerical precision. To 

overcome these issues, we have developed a method to directly compute x  by using 

the training set, without calculating the intermediate gapped fc-mer frequencies. The 

proposed algorithm runs in a time linearly proportional to  the size of the training set 

and hence can be applied for larger values of £ and fc. For this we introduce a class of 

filters, which we call gapped fc-mer filters (or g k m  filters for short), described in the 

following section.

6.2.2 G apped fc-mer F ilters

Given a training set, to  compute the Tm er count estimates by using Equa­

tion (6.1), one should first calculate the gapped fc-mer counts, y i s, in the training set 

and then use Equation (6.1) to combine the y^s  with a  weight corresponding to the 

number of mismatches, given by Equation (6.2). This is shown schematically in the 

top row of Figure 6.2. In this figure, atJ':s are the  elements of the incident matrix, 

A, th a t maps the Gmer counts in the training set to the gapped fc-mer counts. The 

element =  1 if gapped fc-mer vl matches with Gmer u:) and is zero otherwise. The 

Wij’s are the elements of the matrix W  mapping gapped fc-mer counts to estimated 

Tmer counts. In chapter 5 we showed th a t m atrix W  is the Penrose-Moore pseudo 

inverse of A. The element u>y only depends on the number of mismatches between
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•Tmers counts gapped k-mers estimated
in training set counts -f-mers counts

•Tmers counts 
In training set

estimated 
•T-mers counts

Figure 6.2: B lo ck  d ia g ra m  fo r th e  p ro p o se d  m e th o d . Top diagram: gapped 
fc-mer counts are obtained from Tm er counts in the training set. Then MMSE l- 
mer count estim ates are obtained from the  gapped fc-mer counts. The o ^ ’s are the 
elements of the incident matrix, A,  th a t maps the Truer counts in the training set 
to the gapped fc-mer counts. aio =  1 if gapped fc-mer vx matches w ith Tm er Uj and 
is zero otherwise. t% ’s are the elements of the m atrix  W  (the pseudo-inverse of A)  
mapping gapped fc-mer frequencies to  estim ated Tm er frequencies. Bottom  diagram: 
We combine the two mapping m atrices A  and W  and directly calculate the MMSE 
Tm er count estimates from the Tm er counts in the training set. gtJ ;s are the elements 
of m atrix G mapping the Trner counts in the training set to  the MMSE Tm er count 
estimates.
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the Amer ut and the gapped fc-mer Vj and is given by Equation (6.2). Here we show 

tha t alternatively, we can combine the two mapping matrices A  and W  and directly 

calculate the MMSE Amer count estimates from the Amer counts in the training set. 

This is shown in the second row of Figure 6.2. In this figure, g ^ s  are the elements of 

matrix G = W A  mapping the Amer counts in the training set to the MMSE Amer 

count estimates. As we will show below, also only depends on the number of 

mismatches, m, between the A mers tq and ur  We denote these values by gik(m) and 

since the domain and range of this mapping is the same, we call ) a filter.

To obtain the element gik{m). th a t gives the weight for the contribution of an 

Amer in the training set to the MMSE count estimate of the Amer Uj th a t has 

exactly m  mismatches with uiy we sum over the contribution of all the gapped fc-mers 

vT tha t match rq. Note th a t avi = 0 for the rest of the gapped fc-mers. There exist 

(7) different gapped fc-mers th a t m atch ut and have exactly t  mismatches with 

Uj. Figure 6.3 shows how we enumerate all these gapped fc-mers. In this figure, the 

black solid circles denote the m  mismatch positions of Ui and u3. the gray circles 

denote the £ — m  match positions and the empty dotted circles denote the £ — fc gap 

positions. For a gapped fc-mer to have exactly t mismatches with Uj, there are (™) 

ways to select the t mismatch positions and (ê ™) ways to select the fc — t match 

positions. Now considering the weight w(t) for the gapped fc-mers with t mismatches.
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^-mer with 
m mismatches.

gapped k-mer 
with t mismatches

Figure 6.3: E n u m e ra tio n  o f g ap p ed  k -m ers  w ith  e x ac tly  t  m ism atc h es . Given 
the Gmers Ui and u:j, the number of different ways we can construct a gapped fc-mer 
th a t matches u, , and has exactly t mismatches with Uj is (7-7) (7 )1 since there are 
(7) ways to select the t mismatch positions and (7 7 )  ways f° select the k — t match 
positions. In this figure, the black solid circles denote the m mismatch positions of 
Ui and Uj, the gray circles denote the I — m  match positions, and the empty dotted 
circles denote the t  — k unselected (gap) positions.

the gapped A;-mer filter elements, gik{m) can be obtained as follows:

=  E  (i”7) (? ) w{t)- (6-3)

There are (7 7 )  (7) different ways we can construct a gapped fc-mer th a t matches Ui, 

and has exactly t mismatches with uJy by selecting t positions from the m  mismatch 

positions and k — t positions from the l  — m  match positions as explained above and 

shown in Figure 6.3.
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Now using the weights given in Equation (6.3), for any given £-mer, u we obtain 

the MMSE Amer count estimate as follows:

i
X = y :  N tr(u ,m )gek(m ) . (6.4)

m —0

where Ntr{u, m)  is the number of Arners in the training set with exactly m  mismatches 

with u.

For large values of I  and k, the number of all possible gapped A;-mers, (f)4fe, gets 

exponentially large and hence this method significantly reduces the CPU tim e needed 

to  calculate the Amer count estimates compared to  using Equation (6.1). Note that, 

in contrast to the conventional count, where for any given Amer, only exact matches 

in the training set are considered in the count, in the proposed method sequences with 

mismatches would also contribute to the estimated count with a weight corresponding 

to the number of mismatches.

Figure 6.4A shows the plots for ^fe(m) for I  — 20 and various values of k. Each 

plot is normalized so tha t weight corresponding to zero mismatch is equal to  one. Also 

Figure 6.4B shows gek{xn) for k = 6 and various values of A It can be observed in 

Figure 6.4A th a t with a fixed length £, higher values of k  result in smaller coefficients 

for larger mismatches, and therefore less smoothing. For each application, depending 

on the available training set, one can choose the gkm  filter that best fits the appli­

cation. For the CTCF and P300 examples in this chapter, we used A;=min(6,f?) and 

for nucleosome positioning data we used £--’10 and k=Q. The number of ungapped 

columns, here 6, represents a trade-off between the amount of training da ta  and the
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number of significant columns in a relevant feature in the sequence data.

Also, it can be observed in Figure 6.4 th a t pa-(w-) can become slightly negative for 

large numbers of mismatches, m. This is because in our estimation of the frequencies 

we did not restrict the frequencies to be positive, and doing so would yield a more 

complicated expression. (The assumed gaussian distribution allows non-physical neg­

ative frequencies to have non-zero probability. A beta-distribution would not have 

this problem but would introduce offsetting complications.) In cases where the esti­

mated counts are required to be strictly positive, such as when we need to calculate 

the logarithm or ratios of the estimated frequencies, we truncate the gkm filter gejz{rn). 

i.e., for every m  > mo, we force it to zero, where mo is the smallest number of mis­

matches for which ^ (m o )  < 0. This will give an approximation of the value of x  

in Equation (6.1), but will guarantee tha t all the count estimates are non-negative. 

We have used this approximation for the CTCF, P300 and nucleosome positioning 

analysis in this chapter.

6.2.3 N aive Bayes C lassifier

We used a similar Naive Bayes classifier as explained in [104]. In this method, 

the class prediction is determined by the ratio of likelihood th a t a sequence is in 

the positive set relative to the negative set, and features are assumed to  contribute 

independently to this ratio. Hence, for a given DNA sequence of length n, denoted 

by s =  So, Si, • • • , sn—i , class prediction depends on the log-ratio score using n — l + l
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Figure 6.4: g ^ (m )  p lo t. Plot of the normalized filter function gek(m) for.(A) £=20 
and various values of k  and (B) k = 6 and various values of I.
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consecutive £-mers’ frequencies calculated as

Iogr(s) =  i > g f f i 2 ^ ^ p i  (6.5)
j = o  -l 'ln \ s j y  s j + l i  i s j + e - l )

For Naive Bayes without gapped fc-mer filtering, Np and Nn are the pseudo-counts 

for the Amer. s, in the positive and negative sets respectively. We added 0.5 to 

the number of occurrences for pseudo-counts. For Naive Bayes with gapped fc-mer 

filter, Np and Nn are found using the estimated frequencies given by Equation (6.4) 

incremented by 0.5 times the smallest positive coefficient of the truncated gkm  filter. 

For any given length £, for each of the sequences in the CTCF test set, we calculated 

the log-ratio score of Equation (6.5) for every substring of length n = 15 +  I  — 1, 

and assigned the maximum as the sequence score. A window size of 15 was chosen 

to  optimize the performance of the Naive Bayes without gapped fc-mer method for 

a random subset of the data. For P300 dataset, for each sequence in the test set, 

we calculated the the log-ratio score of Equation (6.5) for the whole sequence and 

devided th a t by the sequence length and used the normalized score for classification.

6.2.4  Support V ector M achine

We have previously developed a support vector machine framework, or “kmer- 

SVM” , for enhancer prediction and have successfully applied to embryonic mouse 

enhancers [58]. Briefly, our kmer-SVM method finds a decision boundary th a t maxi­

mally discriminates the set of regulatory sequences from random genomic non-regulatory

121



sequences in the fc-mer frequency feature vector space. Here, we extend our orig­

inal kmer-SVM method to “GSVM” by applying gapped fc-mer filtering. Since 

the straightforward method of generating gapped fc-mer frequency vectors becomes 

quickly impractical due to the exponentially increasing number of fc-mers, we propose 

a new kernel method th a t directly calculates from sequences the inner product of two 

gapped fc-mer frequency vectors, or gapped fc-mer similarity score, as presented in 

detail in the following section.

6.2.5 G apped fc-mer S im ilarity  Score

Alignment free methods are widely used to compare two sequences of lengths £\ 

and £ 2  based on the number of occurrences of fc-mers. This can be readily extended 

using Amer count estimates as following: Given a sequence S, we define the Amer 

count estimates vector f s  = • • • , x%)T where N  is the number of all Arners

(T  in case of DNA sequences), and x f  is the count estimate of the Amer, x t, in the

sequence S  using Equation (6.4). Then we define the similarity of two sequences as 

the inner product of the normalized Amer count estimate vectors:

/a  o \  ( / Sl> /52) ,G r\g — score{51; S2) = jp s T j jy p q  (6'6>

where \ \ fs \\ is the L2 norm of the vector f s and is equal to \jYld=i &i- The score 

5 -score (Si ,5'2) is always between — 1 and 1 . Also, for two identical sequences 5x,52, 

we have 5 -score(S'i .,S2)=1.
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For large values of t. direct calculation of g-score using Equation (6.6) is imprac­

tical. However, we can use a similar counting approach as we used for obtaining 

£-mer estimate equation and derive an equation for g-score that does not involve the 

computation of individual Grner estimates. We show th a t the inner product of the 

two Grner estimate vectors can be obtained as follows:

ni n  2

( f 1 j S2) = J 2 Y 1  cKSl >u? ) (6-7)
i=i j=i

where rq and n2 are the number of f-mers in Si and S2, and u f 1 is the F th Gmer 

in S\ and u f2 is the j ’th  Gmer in S 2 and if iq and u2 have exactly m  mismatches 

then c(u i,u2) — cm. Grouping all the Grner pairs with m  mismatches, we can rewrite 

Equation (6.7) as follows:

ctk{m ) is the corresponding weight. We call N m(S1,S 2) the mismatch profile of S\ 

and S 2. We show tha t the weight Qfc(m), denoted in short by cq, can be obtained as 

following:

where r  =  r?q +  m 2 — 21 — m, b is the alphabet size and is equal to 4 for DNA 

sequences. The summations are taken over the range 0, • • ■ , 1. Figure 6.5 shows how 

we obtained the equation for crn. Given two Gmers Uj and u2, with m  mismatches

e

(fs\ f S2) = J 2 N^ s ^ m) (6 .8)

where N m( S i , S2) is the number of pairs of Gmers (uf1, u f2) with m  mismatches, and

'r 9 m 19 m 2 (6.9)
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Figure 6.5: E num eration  o f t-m ers w ith  m x and m 2 m ism atch es. Given two 
t'-mers U\ and u2, w ith m  mismatches and £ — m, matched places, we want to  enumer­
ate the number of all possible t?-mers, u ' . th a t has rri\ mismatches w ith u x and m 2 

mismatches with u2- For this, we assume th a t t of the m x mismatches are among the 
I  — m  m atch positions and m x — t of them  are among the m  mismatch positions. There 
are (e~tm) ways to choose these rnx positions and (b — l ) 4 choices for the values
of the t mismatches. These t  mismatches plus the m  — {m x — t ) unselected mismatch 
positions are also mismatch for u2, for the remaining r  =  m2 — (t +  m  — (m x — t)) 
mismatches for u2 there are (mi~t) ways to  select the positions and (b — 2)r ways to 
select the values. Hence the to tal number of f-mers, v! w ith m x mismatches w ith u x 
and m 2 mismatches with u2. where t of the mismatches of ux and u' are among the 
£ — m  m atch positions of ux and u2 is given by ('e~tm) (m^Lt) — ~  2)r .
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and £ — m  matched places, we want to enumerate the number of all possible £-mers, 

v!. th a t has m i mismatches with Ui and m 2 mismatches with u2. For this, we assume 

th a t t of the m \ mismatches are among the I  — rn match positions and m i — t of 

them  are among the m  mismatch positions. There are (f?~m) ways to choose

these 7/ii positions and (b — l ) f choices for the values of the t mismatches. These t 

mismatches plus the m  — (m x — t ) unselected mismatch positions are also mismatch 

for u2, for the remaining r  =  m 2 — (t + m  — (mi — £)) mismatches for u2 there are 

ways to select the positions and (b — 2)r ways to select the values. Hence the 

to tal number of Tmers. u' with m\ mismatches with U] and m2 mismatches with u2. 

where t of the mismatches of u x and v! are among the £ — m  match positions of v,\ 

and u2 is given by {e~m) (m™ J  ("*-*) (b -  l)*(b -  2)r.

Finally, to calculate the norm | | / s ||, we use the following equation:

\\fs \\ = V W 7 F )  (6.10)

Using matrix notation, we can show tha t gm = cm if we use the nun-truncated 

filter 5f t ( m ) .  For that, note tha t (f Sl, f s2) =  f SlTf S2 =  (G xi)TG x2 — X i G t G x 2. 

Given G = W A  where W  is the Moore-Penrose pseudo-inverse of A, we have GTG = 

('W A )J W A  = W  A W  A  =  W A  =  G. Hence, (f s \ f s2) -  XlG x2. This, however, 

does not hold for the truncated gm for which we use Equation (6.9) to  obtain cm 

coefficients.
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6.2.6 Cross V alidation

Following standard five-fold cross validation procedures, we divided the positive 

and negative sets into five segments, left one segment out as the test set and used other 

four segments for training. We repeated for all of the five segments and calculated 

the mean and standard error of the prediction accuracy on the test set elements.

6.2 .7  P -value C alculation

To estimate the statistical significance of a gapped fc-mer to  be enriched in the 

positive set we used the hypergeometric distribution to  assign a P-value as follows:

m i n ( r , m )  / m \  (  n  \

p =  E  (6 n )
i=q \  r  J

where m  is the number of fc-mers in the positive set, n  is the number of fc-mers in 

the negative set, q is the number of fc-mers in the positive set tha t matches with the 

given gapped fc-mer, and r  is the total number of fc-mers th a t match the given gapped 

fc-mer. We used the phyper R command [105] and ASA152 C library from StatLib 

(available online at h ttp ://lib .s ta t.cm u .edu /apsta t/) to calculate the above P-value.

6.2.8 C T C F and P 300 D atasets

As positive datasets, we used the genome-wide CTCF binding sites in GM12878 

cell line [106] and Ep300 binding sites in embryonic mouse forebrain [107], available at

http://lib.stat.cmu.edu/apstat/


Gene Expression Omnibus (GSE19622 and GSE13845. respectively). For the CTCF 

dataset, we initially selected the top 5,000 ChlP-seq signal enriched regions, from 

which we randomly chose 2,500 sites to further reduce the size of the training. For 

the Ep300 dataset, we defined a new set of the 1,693 400bp sites th a t maximize the 

Ep300 ChlP-seq signal within each of the peaks determined by MACS [108] after 

removing any regions which were more than  70% repeats.

For negative sequences, we found equal numbers of random genomic sequences 

by matching length, GC and repeat fraction of the corresponding positive set. At 

each sampling step, we randomly selected a region from the positive set, calculated 

the length, the GC content and the repeat fraction, and sampled a genomic sequence 

tha t matched these properties, and we repeated sampling until we obtained the same 

number of sequences.

6.2.9 Im plem entation  and Sourcecode

Using truncated gkm  filters with mo nonzero coefficients for estimating the fre­

quency of an Amer u, we have to find the number of all Arners in the training set 

with a t most mo — 1 mismatches with u. We use a suffix tree to keep the count for all 

of the Amers in the training set. Then for a  given Amer u, we traverse all the nodes 

of the suffix tree within distance m 0 from u and find the count for each number of 

mismatches. Then we use Equation (6.4) to  find the estimated count. For small As, 

we store the results in a lookup table to speed up subsequent searches.
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For SVM kernel m atrix computation, we developed two methods, the exact method 

and the approximate method. In the exact method, we represent each sequence with a 

list of Gmers and corresponding count for each Cmer. Then for each pair of sequences, 

we compute the number of mismatches for all pairs of £-mers and use the correspond­

ing weight Cm to obtain the inner product of Equation (6 .8 ). If the number of unique 

Gmers in each sequence is of O (M ) and the number of sequences is O (N ), this al­

gorithm would require 0 ( M 2N 2) comparisons. The naive algorithm for counting the 

number of mismatches between two ^-rners is 0(£). However, we implemented the 

mismatch count more efficiently by employing bitwise operations. In summary, using 

two bits to represent each base {A, C ,G ,T }, we used an integer variable to represent 

I base pairs of the I'-mer, therefore using to tal [~|] integers to represent each f-mer. 

Then for counting the number of mismatches, we take the bitwise XOR of the inte­

ger representations of the £-mers and use a precomputed look-up table to obtain the 

number of mismatches using the XOR result. This method requires a look-up table of 

size 22t. We used t = 6  as we found tha t using a larger t would have negative effect on 

the performance as the size of the table grows larger. The optimal value of t depends 

on the processor architecture and amount of cache memory. We also developed a fast 

approximation method for the SVM kernel which is described in the following section. 

We have implemented these algorithms and an SVM classifier based on the iterative 

algorithm described in [109] in C + + , and the source code and executable files will 

become available on our website a t http://w w w .beerlab.org/G SV M .
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6.2 .10  T he A pproxim ate M eth o d  (Fast A lgorithm  

for G SV M )

Generally, the coefficient cm associates larger weights to smaller number of mis­

matches, m . When using a truncated gkm  filter with m 0 nonzero coefficients, c(m) 

will have 2m 0 — 1 nonzero coefficients. We have developed a fast algorithm with a pa­

rameter m max, tha t given a set of N  sequences, it gives the  mismatch profile N m(Si, S j) 

for every pairs of sequences for up to m max mismatches. We then use Equation (6 .8 ) 

to obtain the inner products for every pair of sequences. If m max =  2mo — 2, then 

this algorithm would give the exact solution. If m max <  2mo — 2, it will give an ap­

proximation of the inner products. For fast calculation of the mismatch profiles, we 

use a suffix tree structure similar to the mismatch tree explained in [92]. As depicted 

in Figure 6 .6 , we use one suffix tree to hold all the Amers in the collection of all of 

the sequences. Each node it a t depth d represents a sequence of length d, denoted by 

s(£j), which is determined by the path from the root of the tree to  tt . Each leaf of the 

tree represents an Amer, and holds a list of sequences in which th a t Amer appeared 

and the number of times tha t the Amer appeared in each sequence. As an example, 

Figure 6 . 6  shows the tree tha t stores all the substrings of length 3 in three sequences 

S'i =AAACCC, tS*2 —AAAAA, and S3 =ACC. We initialize the mismatch profile for all 

the pairs of sequences by zero. Then, starting from the root, we traverse the tree in a 

depth-first search (DFS) order [87]. When-visiting each node U, at depth d. we com­
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pute the list of all the nodes tj a t depth d for which s(t,) and s(tj) have a t most m max 

mismatches. We also compute the number of mismatches between s(ti) and s(tj). 

This list can be computed and updated recursively as we traverse the tree. W hen 

reaching a leaf, we increment the corresponding mismatch profile N m(Si, S j ) for each 

pair of sequences .S) in tha t leaf and Sj in the list. At the end of one DFS traverse of 

the tree, the mismatch profiles for all of the pairs of sequences are completely deter­

mined. To speed up this method, considering the symmetry in the kernel matrix, we 

only compute the lower triangle of the matrix. Hence, in addition to the maximum 

mismatch constraint, at each node tz, we also exclude the nodes tj in the list th a t 

have maxID (£,;) < minID (b,) where minlD(ij) and rnaxID(^) are the maximum and 

minimum sequence ID in the subtrees of U and tj respectively and are computed and 

stored for each node a t the time we build the tree.

6.2.11 ROC C urves

To compare the performance of different classification methods, we calculated the 

area under the receiver operating characteristic (ROC) curve for each classifier. To 

plot the ROC curves and calculate area under the curves (AUCs) we used the ROCR 

package [110] in R.
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s,: AAACCC 
s2: AAAAA 
So! ACC

seqID
count

d e p th  d=0

d=3

DFS{node, depth, {(node, nmismatches)}) 

DFS(t0, 0 , {(t0, 0)))

DFS(tu t , { ( t „  0), (f2,1)})

Figure 6 .6 : F a s t c o m p u ta tio n  o f  m ism a tc h  p rofiles. We use a suffix tree in our 
algorithm. In the above example, £=3 and there are three sequences .Si= AAACCC; 
S2 —AAAAA, and S,3 =ACC. The leafs (nodes a t depth d = £ — 3) correspond to 
3-mers AAA,AAC,ACC,CCC. The sequence ID and the number of times each 3-mer 
appeared in each sequence is stored for each leaf. Each node tj a t depth d represents 
a sequence of length d, denoted by sit,), which is determined by the path from the 
root of the tree to t j .  For example, s(Z2) =  C  and ,5 ( 4̂ ) =  A C  in this figure. DFS 
is started at the root node, to- W hen visiting each node tj, at depth d, we compute 
the list of all the nodes tj  a t depth d for which s(Zj) and s(tj) have at most rnmax 
mismatches. We also compute the number of mismatches between s(tj) and s(tj). 
When reaching a leaf, we increment the corresponding mismatch profile N m{Si,S j) 
for each pair of sequences S, in th a t leaf and S) in the list.
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6.2.12 C T C F Logo

The CTCF logo was generated using the MEME [111] motif discovery software 

(available online at h ttp ://m em e.nbcr.net) by using 180 sequences from each of the 

CTCF bound and CTCF free training sets.

6.3 R esu lts

6.3.1 C T C F and P 300 B ind ing Sequence M odeling

We initially applied our gkm-filtering method to the CTCF binding dataset [106]. 

As shown in Figure 6.1, CTCF recognizes a specific set of long (up to 20bp) DNA 

sequences, which severely impair the ability of direct fc-mer counting to identify infor­

mative sequence features. However, our gkm-filtering method can effectively overcome 

this limitation and estimate more robust frequencies of those long DNA sequences. 

To test this hypothesis, we built a Naive Bayes (NB) classifier as described above to 

discriminate CTCF binding sequences from CTCF free sequences. We also applied 

the gkm-filtering method to  kmer-SVM framework previously developed in [58]. We 

calculated the area under the ROC curve (AUC) to measure the overall performance 

of classification, and compare different word lengths (Amers), with and without the 

gkm-filtering. As shown in Figure 6.7A, both NB and SVM with the gkm-filtering 

method perform consistently better than those without the filtering method through-
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out all different word lengths. Most significantly, a t longer word lengths (£ > 10). 

both NB and SVM classifiers using standard fc-mer counts greatly suffer from overfit­

ting (or “curse of dimensionality” ), but the AUCs of NB and SVM classifiers with the 

gkm-filtering continue to remain high. The improved performance for CTCF binding 

site modeling using gkm-filtering is consistent with the notion th a t the CTCF bind­

ing site is long, and th a t appropriately estimated longer fc-mer frequencies as features 

should improve the classification accuracy. Figure 6.7C shows the best ROC curve 

of each classification method. NB+gkm achieved the best AUC of 0.992 with £=20, 

while SVM+gkm achieved significantly lower AUCs of .972 with £=15. A reason for 

the superior performance of NB compared to SVM is th a t our NB classifiers assigns 

the maximum score of all subsequences of length 15+£ to each sequence, while SVM 

uses the whole sequence when scoring, which includes some redundant neighboring 

sequences.

CTCF binds to a specific long binding site shown in Figure 6.1. To see whether 

the gkm filtering can improve models for more degenerate and combinatorial bind­

ing sequences, we applied this method to the embryonic mouse EP300 forebrain 

dataset [107]. We had previously shown tha t SVM classifiers with the full set of 

the exact frequencies of fc-mers can accurately predict the EP300 binding sites [58]. 

Figure 6.7B, shows the AUC for NB and SVM classifiers with and without using the 

gkm filtering. Consistent with the results for CTCF dataset, using gkm-filtering con­

sistently improved the classification performance for P300. The best AUCs of gkm
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filtering methods are 0.947 with £ — 10 (SVM) and 0.934 with £ = 11 (NB), whereas 

those with exact k-mev counting are 0.930 with £ — 7 and 0.921 with £ =  8 (Fig­

ure 6.7D). This suggests tha t longer k-raevs contain more information about binding 

sequences of factors tha t are interacting with the enhancer and using gkm-filtering 

makes it possible to better estimate the frequencies for these elements.

Finally, we applied the GSVM method to model the nucleosome positioning data  

in yeast. The results are given in the next section.

6.3.2 C om parison o f G SV M , Sim ple C ontext-B ased  

and P h ase-D ep en d en t C ontext-B ased  M od­

els

To compare the performance of the different methods we developed for modeling 

nucleosome positioning data, we used the in vitro and in vivo genomewide nucleosome 

positioning data from [11] . We sorted genomic positions by nucleosome occupancy 

signal, and took the top 18000 non-overlapping 147bp sequences (which is about a 

third of all non-overlapping sequences) as positive set. Also sorted all the positions 

by negative nucleosome occupancy signal and took the top 18000 non-overlapping 

147bp sequences as the negative set. To avoid over-fitting, we separated two of the 

chromosomes for test (as listed in Table (6.3)) and used the remaining chromosomes 

in training. For training the models we only used the top 9000 highly bound and
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Table 6.3: C ross v a lid a tio n  se ts : To evaluate different models performances, we 
performed 5-fold cross validation. For each CV set, we separated two chromosomes 
(about 13.5% of data) as test set and used the remaining fourteen chromosomes for 
training.

CV set test chromosomes total size % yeast genome

1 chrll. chrXIV 1.60Mb 13.2%

2 chrV, chrXII 1.65Mb 13.7%

3 chrVII, chrVIII 1.65Mb 13.7%

4 chrX, chrXIII 1.67Mb 13.8%

5 chrXI, chrXVI 1.61Mb 13.4%

free sequences, while for test we evaluated the performance over the entire positive 

and negative sets in the two CVset chromosomes. We used simple context-based 

model with maximum context size of 12 bp, phase-dependent context-based model, 

and GSVM model. We also used simple context-based model with maximum context 

size of 1 for comparison. We used minimum frequency count of 200, and phase bin 

size of f .

Figure 6.8 shows the results. It can be observed th a t overall, the sequence 

based models have a higher accuracy using in vitro data compared to  in vivo data. 

For in vivo data, GSVM and phase-dependent context-based model gave compara­

ble results, with AUC=0.976(0.001) for GSVM and AUC=0.974(0.002) for phase- 

dependent context-based model. The numbers in parentheses are standard deviation 

of the five cross validation sets. These two methods outperformed simple context-
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Figure 6.8: Comparison of different nucleosome positioning models.

based method with n=12 (AUC=0.948(0.003) and n = l  (AUC=0.967(0.002)). For in 

vitro data, GSVM gave the best performance (AUC =  0.9996(0.0001)), followed by 

phase-dependent context-based model (AUC=0.9975(0.0004)). Simple context-based 

model with n—12, gave AUC=0.9949(0.0009) and context-based model with n = l ,  

gave AUC=0.9964(0.0007).

6.4 Sum m ary and D iscussion

6.4.1 C hoice o f  k

In this chapter, we presented an efficient algorithm for computing the Grner count 

estimate using gapped /c-mer filters. Given a fixed length I. the param eter tha t
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determines how to penalize different number of mismatches is k. Using smaller values 

of k results in smoother filtering (more tolerance to mismatches), which is more 

appropriate for more degenerate sequence models or when we have very small amount 

of training data. As a rule of thumb, the number of f-mers in the training set should be 

about or greater than bk. One approach to find an optimal value of k  is to  try  different 

values of k  and use a subset of data  as training set and assess the performance on 

the remaining data points (test set) and take the k  tha t maximizes the performance 

on the test set. Although the choice of k  directly effects the estimated counts, in 

our simulations we found tha t the overall performance of the classifier is not very 

sensitive to  changes in k.

6.4.2 C onsiderations about A rith m etic  Error

Direct use of Equation (6.1) for computing count estimates involves a large number 

of floating point addition operations. Floating point numbers are represented by 

limited number of digits and arithmetic error may add up to  significant amounts 

when calculating large summations like the one in Equation (6.1). There are some 

algorithms, such as Kahan compensated summation [112], tha t significantly reduce 

this error. However, when using gapped k-mer filters presented in this chapter, we do 

not need to use such algorithms because, in this method, we first count the number of 

Amers with different number of mismatches. This step does not involve any floating 

point calculations. Then we calculate the weighted sum of the number of mismatches
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using Equation (6.4). which only involves £ floating point additions. Similarly for 

the GSVM algorithm, computing the mismatch profiles does not involve any floating 

point operations, and, in the last step, calculation of the weighted sum only involves 

£ floating point additions.

6.4.3 G eneralization  o f T his W ork

A simple generalization to  the gapped fc-mer equation is to use the Gamma func­

tion in calculation of the binomial coefficients. In this way, the param eter k does 

not need to be integer and we can obtain a continuous class of filters defined for any 

value of k. Also, the weights for different number of mismatches can be optimized for 

a specific application by using a numerical optimization algorithm such as steepest 

descent or conjugate gradient. Also when applying the similarity score in an applica­

tion involving many sequences, instead of using tables to keep the complete mismatch 

profiles, the algorithm can be optimized using a data structure th a t only stores the 

mismatch profiles for sequence pairs with nonzero number of Amers with a t most 

rn„iax mismatches.

Throughout this chapter, we focused on DNA sequences as features for classifi­

cation. However in principle, the proposed method can be adopted more generally 

for any classification or prediction problem involving a large feature set. In general, 

when the number of features used by a classifier increases, the number of samples 

in the training set for each point in the feature space becomes smaller, and similar
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finite training set issues can occur. One approach is feature selection, which picks a 

subset of features and builds the classifier only using those features and ignores all 

the other features. However, usually a unique subset of features th a t can explain all 

the variation in the predicted quantity does not exist. An alternative approach would 

be to  use all different fc-subsets of the features and then weight them  corresponding 

to the number of mismatches to the test condition in a similar way to  gapped fc-mers.
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C hapter 7

A verage N ucleosom e Position ing  

N ear Transcription Start S ites Is 

D om inantly D eterm ined  by 

Transcription Factors

Nucleosome positioning near transcription start sites (TSS) follows a regular pat­

tern  on average, consisting of a nucleosome-free region (NFR) and well-positioned 

nucleosomes upstream and downstream of the NFR. Both intrinsic DNA-histone in­

teractions and transcription factor-mediated mechanisms are suggested to be respon­

sible for this regular pattern. In the previous chapters, we built sequence based 

models to  predict nucleosome bound and nucleosome-free regions. These models are
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mainly based on the intrinsic DNA/histone interactions. Comparing the in vivo and 

in vitro average nucleosome occupancy near the TSS shows a regular average pattern  

tha t is only present in vivo. A recent study shows tha t similar average pattern can 

be reproduced in vitro by salt gradient dialysis if appropriate amount of ATP and 

whole cell extract is added [53]. In this chapter, we investigate the regular nucleo­

some positioning pattern near the TSS. We provide evidence th a t shows the regular 

average pattern results from regular positioning of nucleosomes around the TSS in 

a fraction of yeast genes, and th a t transcription factor binding sites information is 

enough to explain this regular pattern. For this, we made a simple model th a t uses 

ABF1, REB1 and RAP1 binding sites to reproduce the asymmetric average signal 

near the TSS with high accuracy. This suggests th a t the asymmetry in average signal 

arises from asymmetric distribution of the binding sites with respect to the TSS.

7.1 Introduction

Nucleosome positioning and chromatin remodeling is thought to  play a significant 

role in transcriptional regulation by controlling the accessibility of DNA binding pro­

teins to their DNA binding sites. Recent high-throughput sequencing studies have 

provided a valuable source of da ta  to evaluate genome-wide nucleosome positioning 

in vivo and in vitro in yeast [11.14]. Although there is a high correlation between the 

in vitro and in vivo nucleosome positioning, which shows significant contribution of
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sequence dependent DNA- histone interactions, the in vivo and in vitro nucleosome 

positioning have some significant differences as well. W hen the nucleosome occupancy 

signal is averaged for all genes with respect to transcription start sites (TSS), a  clear 

asymmetric pattern emerges, depicting the underlying regular positioning of nucleo- 

somes around the TSS. Such a regular pattern  is not observed in vitro [14,113], sug­

gesting tha t other factors such as ATP-dependent nucleosome remodeling complexes 

are needed for the formation of the regular nucleosome patterns near the TSS. [45] 

showed th a t ABF1 and REB1 has significant role in forming the nucleosome-free 

regions (NFR) near their binding sites; presumably through interactions with the 

chromatin remodeling complex RSC. [114] showed tha t many nucleosome-free regions 

near the TSS are affected by a m utation in RSC3 , a TF-like subunit of the R SC  com­

plex. [115] highlighted the role of ABF1 and RAP1. Here to systematically evaluate 

the contribution of different DNA sequence features, we have looked a t the averaged 

nucleosome occupancy around all 7-mers, and also a comprehensive set of published 

TF binding sites, and then tried to  evaluate the relation between average patterns 

near individual factors and the averaged nucleosome occupancy near the TSS. Al­

though the average nucleosome patterns around A BFl and REB1 binding sites are 

symmetric, an asymmetric distribution of their binding sites near the TSS could ex­

plain the overall asymmetric pattern of nucleosome positioning around the TSS. For 

this, we have developed a simple model th a t given the binding site information for 

these transcription factors, and it can reproduce the asymmetric average signal near
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the TSS with high accuracy. We have also evaluated some sequence features like poly- 

T  and poly-TA tha t naturally repel nucleosomes in vitro, and shown th a t although 

having a significant role in nucleosome positioning in vivo, the regular asymmetric 

average pattern  near the TSS cannot be explained merely by these sequence features 

using the same simple model th a t we used for transcription factors.

7.2 A verage patterns for all 7-m ers

We calculated the average nucleosome occupancy patterns for all 7-mers and sorted 

them by their significance. Figure 7.1 depicts average patterns for three most sig­

nificant 7-mer patterns: the ATATATA pattern  has the deepest nucleosome-free region 

in vivo and in vitro. TTTTTTT is known to  be enriched in nucleosome-free regions. 

The next most significant pattern corresponds to the REB1 binding site. Unlike 

poly-AT and poly-T patterns, R EB l binding sites overlaps with a nucleosome-free 

region only in vivo, suggesting the contribution of the R EB l protein in forming the 

nucleosome-free region.

We applied hierarchical clustering to cluster significant patterns. Figure 7.IB 

depicts the average pattern for a selected subset of 7-mers. Some 7-mers, mostly 

GC-rich (in particular GCnGCnGC), are enriched in nucleosome bound regions, while 

others, mostly AT-rich, are enriched in nucleosome-free regions. Although each 7- 

rner generally has a similar pattern  in vivo and in vitro, the pattern  is significantly
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Figure 7.1: A verage N u c leo so m e P o sitio n in g  for 7-m ers. (A) The three 7-mers 
w ith the most significant in vivo patterns. The blue solid curve is the  average in vivo 
pattern; the dotted red curve is the in vitro pattern . (B) Hierarchical clustering of 
average patterns near 7-mers shown as a heatm ap. On the left is the in vitro average 
nucleosome pattern  from -500 to 500 bp from the position of the 7-mer. On the right 
hand side is the in vivo pattern  over the same range. 7-mers are sorted by hierarchical 
clustering so th a t similar patterns are placed close to  each other. A selection of all 
16,384 7-mers is depicted.
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different for some TF-binding sequences, most significantly TTACCCG (REBl) and 

TACCCGG(REBl). This difference between the in vivo and in vitro patterns is also 

seen —albeit at a lower significance level- for 7-mers containing CGCG or TTACCC 

elements.

7.3 A verage p atterns for known m otifs

Next, we calculated the average pattern  for a list of over a hundred published 

motifs and used hierarchal clustering to cluster similar patterns. The patterns we 

obtained were very similar to patterns resulting from 7-mers clustering. The most 

significant average patterns were corresponding to ABF1 and REBl (and REB1- 

related) transcription factors. As can be observed in Figure 7.2, ABF1 has an average 

pattern  very similar to R EB l, suggesting th a t they may be affecting nucleosome 

positioning through a common mechanism.

7.4 RRPE  and PAC  co-occurrence effect

PAC  and R R PE  sites are known to frequently co-occur in yeast genome [116]. The 

average pattern  for all genomic locations th a t have a PA C  site shows a nucleosome-free 

region both in vitro and in vivo. In order to see whether the in vitro nucleosome- 

free formation is a result of PAC  sequence, or may have been caused by neighboring 

RR P E  sequence, we looked a t the average pattern  around PAC  sites th a t do not
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Figure 7.2: A verage nucleosom e p ositio n in g  for se lec ted  p u b lish ed  m otifs.
(A) Hierarchical clustering of transcription factor binding site motifs based on average 
nucleosome occupancy pattern  around instances of the motif. On the left is the in 
vitro average nucleosome pattern  from —500 to 500 bp from the binding site. On 
the right hand side is the in vivo pa tte rn  a t the same range. A selection of the most 
significant patterns is depicted. (B) in vivo pattern  for four motifs th a t had the most 
significant in vivo patterns. (C) in vitro average patterns for the same set of TFs.

147



have a R R PE  nearby and found a much less significant nucleosome-free region in 

these cases (Figure 7.3). This suggests th a t the PAC  sequence by itself is not enough 

to form a nucleosome-free region in vitro. However, in vivo (i.e. in the presence of 

transcription factors), a nucleosome-free region forms around PA C even where there 

is no R R PE  site nearby.

7.5 P ositional constraint for binding sites  

relative to  TSS for generating nucleo- 

som e pattern

The significant differences in the in vivo and in vitro average pattern  for ABF1, 

REBl, and RAP1 suggest th a t the binding of these TFs to their binding sites is 

required for the regular pattern. We looked a t the promoters with binding sites for 

these TFs to see if there is any position constraint to  the binding sites. ABF1 and 

R EB l binding sites are enriched in a window 60 to 170 bp upstream of the TSS. We 

found tha t the regular pattern  around the TSS preferentially exists only when the TF 

binding site is within this distance. RAP1 binding sites are more broadly distributed 

upstream of TSS, but the regular pattern  preferentially forms when the binding site 

is within this distance (Figure 7.4). Moreover, it appears that the position for the 

first downstream nucleosome is linked more to the position of the TSS than to the
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p attern  for P A C .  (A) in vivo average nucleosome pattern  around the sequence 
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Figure 7.4: Correlation betw een m otif d istance to  TSS and th e nucleosom e  
pattern. On the left, the nucleosome pattern for genes containing a RAP1 site 
near the TSS is shown. Genes are sorted by the position of RAP1 binding site and 
patterns are aligned by the position of the TSS. The average patterns for three subsets 
of the genes are plotted next to the heatmap. The blue solid circle depicts the average 
position of RAP1 binding site for each subset. The blue box on the heatmap highlights 
the range for which a more regular pattern is observed. On the right, similar analysis 
is done for REBl site containing promoters.

TF binding site. These all together suggests tha t additional factors present at the 

promoter such as general TFs or RNA polymerase II are required for the regular 

pattern formation.
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7.6 A verage pattern  around th e  TSS is 

not representative o f individual genes

Although the average nucleosome positioning data around the TSS for all yeast 

genes gives a significant pattern, it is an average pattern  and does not necessar­

ily represent nucleosome positioning near individual TSSs. We have clustered yeast 

promoters based on their nucleosome patterns using K-means clustering into four 

clusters. The average pattern and number of genes for each cluster is shown in Fig­

ure 7.4A. It can be observed tha t a significant subset of genes have no such regular 

average pattern  (cluster 4). We believe th a t when only looking at the overall average, 

the nucleosome positioning for these genes may be obscured. Also the genes in the 

other three clusters are differentially expressed (Figure 7.5B,C). We also found th a t 

Cluster 3 is enriched in ribosomal proteins (P-Value < IE-25 for GO term  “cytoso­

lic ribosome” ). Moreover, the average expression of genes in each cluster and the 

distribution of TFs for each cluster are different.

151



cluster I
(n= 1296)

200 400 600-600 -400 *200

cluster II
<n= 9 5 6 }

average expression in YPD (2 heat shock <17 to 37, after 20 min)

200 400 600

§ 2 
I*© o

£ 2. 
f !

GO: cytosolic ribosom e 
(P-Vaiue= 1.13e-25)

o

cluster I
(n= 904)

r v iv o

-600 -400 *200 0  200 400 600

o

cluster IV
{n= 1375)

I

i

D
Abfl

i
.2
1

•200 0 100-400

PAC Ml _
------ IV

-600 -400 -200 200 400 600

1 I !
-400 *200 0 100

distance to TSS

Reb1 A
—  a
—  IV

400 -200 0  10}

d s tsn c s  to TSS

RRPE J i —-  t

f t —  N

Rapt

2
oo

-500 100-300 -100

i i I i i i r
-400 -200 0 100

<2stance to TSS

T7 / —— |

u —  N

-400 -200 0  100

cSstance to TSS
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the to ta l number of genes in each cluster. Blue solid line is the in vivo p a tte rn  and 
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Relative expression change a t heat shock condition averaged for all genes in each 
cluster. (D) D istribution of different sequence motifs weighted by relative abundance 
of each m otif in each cluster.
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7.7 R econstruction  o f nucleosom e p attern  

around th e TSS using th e  average p a t­

tern  for A B F1 and R E B l

Significant difference between the average nucleosome pattern in vivo and in vitro 

for some TFs such as ABF1 and REBl suggests tha t they may be responsible for 

the in vivo j in  vitro differences of the average nucleosome pattern around the TSS. 

However, the average pattern near the TSS is asymmetric while average patterns 

around factors such as ABF1 and REBl are symmetric. In order to  see if such TFs 

are enough to explain the in vivo I  in vitro difference of average nucleosome patterns 

around the TSS, we developed a simple model for the nucleosome data  by placing the 

average pattern for ABF1 and REBl on each ABF1 and REBl site respectively. We 

then calculated the average pattern near the TSS for the reconstructed signal. The 

results are shown in Figure 7.6. It can be observed th a t the reconstructed pattern  

using only REBl and ABF1 binding sites information resembles the average in vivo 

pattern to a great extent. When adding R A Pl sites as well, we obtained an even 

closer pattern  to the average pattern for the real data. We repeated the same method 

for T7 (TTTTTTT) elements as a control. The reconstructed pattern using T7 did not 

have the distinguishable downstream nucleosomes and mostly resembled the in vitro 

average pattern. This suggests tha t information about T F  binding sites is sufficient
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Figure 7.7: E x c lu d in g  genes w ith  T F  b in d in g  s ite s . Average nucleosome occu­
pancy is plotted for the set of genes tha t contain at least one REB1, ABF1, RAP1, 
PAC, or R R PE  site within lOOObp of TSS (dark blue), compared to the complemen­
tary set of genes (magenta). Average patterns for sets of genes containing individual 
TFs is also plotted using dotted lines.

to explain the regular average pattern around the  TSS.

We then checked if removing the genes with sites for TFs would affect the reg­

ular average pattern. Figure 7.7 shows the average pattern  for genes th a t contain 

A B F l /R E B l /R A P l /P A C / RR PE  and the complementary set of genes th a t contain 

none of these sites. We see tha t the average pattern, especially for the +1 nucleo­

some, is significantly reduced by removing genes that have any of these binding sites. 

The downstream nucleosome occupancy for genes containing these factors is lower 

than the average for the rest of the genes. One explanation is tha t histones are not 

free to move in and fill in the gap formed by shifting the downstream nucleosomes 

towards the NFR — this is in contrast to  the statistical positioning where the only 

constraint is defined by the nucleosome-free region [14] and is more consistent with

155



active nucleosome positioning [53].

7.8 M eth ods

7.8.1 N ucleosom e p osition in g  data  and genom ic  

sequence

We used nucleosome positioning data  from [11] (h ttp ://g e n ie .w e iz m a n n .a c . 

il/pubs/nucleosom es08 /nucleosom es08_data .h tm l). Yeast genomic sequence as 

of June 2005 was downloaded from the Saccharomyces Genome Database (SGD).

7.8.2 A verage p attern  for /c-mers

For each of the 47 =  16384 different 7-mers, the average pattern was calculated as 

the average nucleosome occupancy signal around the 7-mer position. The following 

equation shows the formal definition of the average pattern:

position for the j ’th  incident of ?/th 7-mer, (1 <  j  < Mi), and f chr(sij){k) is the 

nucleosome occupancy corresponding to  s^. Average 7-mer patterns using in vivo 

nucleosome occupancy data  were calculated and ranked by their significance using a

(7.1)

where M t is the number of incidences for ?/th 7-mer, (1 <  i < 47), is the genomic
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Figure 7.8: Distribution of 7-mers patterns scores

mean square difference measure and the top 2000 7-mers were selected for hierarchal 

clustering. This was done to make the d a ta  size manageable for hierarchal clustering. 

Figure 7.8 depicts the distribution of scores for all 16384 7-mers. The scores are 

calculated using following equations:

16384

*<*> -  IMS £  *<*> <™>
i=  1

1 500

S ‘ =  ioo l 5 7  (A W  -  -P(A))2 P  3)
k = -  500

The top 2000 patterns were applied to hierarchical clustering using hclust command 

in R. using Euclidean distance and the W ard agglomeration method.
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7.8.3 R econ struction  o f average pattern

Based on the average nucleosome patterns near Abfl (and other TFs) binding sites, 

we reconstructed the signal by placing the average pattern  signal at each binding site 

and then calculated the average signal near the TSS using the reconstructed signal 

as shown in Figure 7.1. More formally, for a transcription factor with N R sites, the 

average pattern  is
y  n r

f (n ) =  J f -  x ^r(rk)(n -  rk) (7.4)
R k=1

where x rj vr(rk){n — rk) is the nucleosome occupancy signal near the fcth binding site. 

Then using the average pattern, we reconstructed the signal as

Nr

y(n)= 23/(n“r*)- (7-5)
k—1

Finally, we used the reconstructed signal and obtained the average pattern near the 

TSS. The average pattern near the TSS for the reconstructed signal is

^  N t

9{n) = —  V(n  ~  lk) (7.6)
T k=1

where NT is the to tal number of promoters and tk is the position for the kth  TSS.

7.9 Sum m ary and d iscussion

In this chapter, we developed a simple additive model to reconstruct the nucleo­

some positioning data  based on certain transcription binding sites information. We 

showed tha t by only having the information for binding sites of the ABF1, REB1
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and RAP1. this model can reproduce average nucleosome pattern around the TSS 

resembling the in vivo average pattern. As a control, we used poly-T binding sites 

information and also generated the average pattern  for nucleosome positioning near 

promoters th a t lack a strong Abf 1,Rebl,Rap 1,PAC, and RRPE site and showed th a t 

the regular average pattern  significantly reduced for these genes. These observations 

highlights the role of active mechanisms in specifying in vivo nucleosome positioning 

around the TSS. This also suggests th a t the asymmetry in the average nuceosome 

pattern  arises from asymmetric distribution of the binding sites with respect to the 

TSS. We also showed tha t the regular average pattern  is not present in every pro­

moters and there may be multiple mechanisms tha t specify nucleosome positioinig 

in different promoters in yeast. We also showed tha t there is statistically significant 

relation between the nucleosome pattern  near the TSS and gene expression.

Throughout this chapter, we only used data  from deep sequencing. For compar­

ison, we also used tiling array nucleosome positioning data [10] and obtained the 

average pattern  near the TSS for each cluster. Results are shown in Figure 7.9. The 

overall pattern  is similar to deep sequencing, bu t the lower density for downstream 

nucleosomes is not observed in tiling array data.

An extension to  this work would be to build a combined model to integrate the 

effect of ATP-dependent remodeling factors and intrinsic DNA/histone interactions 

by quantifying the effect of ATP-dependent factors and the intrinsic binding ener­

gies. A simple approach to quantify the relative effect of ATP-dependent factors and
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Figure 7.9: Cluster average patterns using tiling array data

intrinsic interactions is to decompose the nucleosome occupancy signal around the 

TSS to ATP-dependent and intrinsic interactions. Results from the reconstruction 

algorithm in this chapter suggest tha t even a simple additive model may be useful to 

give a first order approximation of the contribution of each mechanism.
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Chapter 8 

Experim ental V alidation of 

N ucleosom e P osition ing M odel

8.1 Introduction

In this chapter we will describe an experimental system we designed to validate 

the nucleosome positioning models developed in this thesis. Using this system we 

have made mutations in intergenic regions in yeast and measured the effect of these 

changes on the expression of the regulated gene. Specifically, we made a set of m uta­

tions predicted by our nucleosome positioning models to  affect nucleosome affinity to 

various degrees, and we measured the transcriptional response a t the HXT3 locus by 

inserting a GFP reporter sequence a t the 3' end of the genomic copy of HXT3 gene in 

haploid yeast. HXT3 is regulated by glucose, and from tiling array data  analysis, we
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found tha t there is a nucleosome change in HXT3 promoter upon its activation. We 

made mutations in th a t region to  make it more nucleosome bound or more nucleo­

some free according to  the sequence based models and developed a method to measure 

expression level from colonies in a plate using fluorescence microscopy and also used 

fluorescence plate reader to measure the response of HXT3 to different environmental 

concentrations of glucose for different m utantnts.

8.2 Y east H exose Transporter G enes

Glucose is the principal source of carbon and energy in budding yeast Saccha- 

romyces cerevisiae [117]. Availability of glucose affects the expression level of many 

genes in yeast [54,118,119]. In yeast, there are 20 genes that are known or likely 

glucose transporters [120], Expression of most of these genes are regulated by glucose 

level in the environment. For example, HXT1 and HXT3 are low affinity (high K M) 

glucose transporters which are up-regulated a t higher glucose concentrations while 

HXT2, HXT6 and HXT7 are high affinity (low K m ) glucose transporters which are 

up-regulated at lower glucose concentrations. By regulating expression of different 

glucose transporters, yeast optimizes the intake of glucose at different environmental 

glucose concentrations.

The mechanism by which the HXT genes are regulated has been shown to involve 

two glucose signaling pathways: Snf3/Rgt2-Rgtl and Snfl-M igl and involves several
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transcription factors [121]. None of the current models for transcriptional regulation 

of HXT genes consider the role of nucleosome positioning. By analyzing the yeast 

nucleosome positioning data before and after addition of glucose [54] using Group 

Normalization, we found th a t there is a significant change in nucleosome positioning 

near HXT promoters after addition of glucose (see Figure 3.8C) which is consistent 

with changes in the expression of these genes. We hypothesized th a t nucleosome 

remodeling has a role in glucose-dependent regulation of HXT genes in yeast.

8.3 E xperim ent D esign

To test our hypothesis tha t nucleosome remodeling affects glucose-dependent reg­

ulation of HXT genes, we focused on a particular HXT gene, HXT3, for which current 

models do not fully explain its behavior [120]. Figure 8.1 shows nucleosome occu­

pancy at HXT3 promoter before and an hour after addition of 2% glucose. Current 

models for HXT3 relate up-regulation of HXT3 to phosphorylation of the repres­

sor protein R G Tl [121-123]. The HXT3 promoter has 10 putative RGT1 binding 

sites. RG Tl has the consensus binding site (5'-CGGANNA-3'). Multiple glucose 

signaling pathways converge to phosphorylation of R G Tl upon addition of glucose. 

Phosphorylated R G Tl does not bind well to  its binding site and hence the gene is up- 

regulated [124,125]. These models do not consider a role for nucleosome positioning. 

However, our tiling array data  analysis showed a significant change in nucleosome oc­
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cupancy at HXT3 promoter after addition of glucose. Moreover, ChIP data from [1 2 6 ]  

shows tha t the RSC nucleosome remodeling complex interacts with HXT3 promoter. 

Two RSC complex subunits RSC3 and RSC30 have binding sites with a core CGCG 

sequence [1 1 4 ] . The CGCG motif is overrepresented in HXT3 promoter, suggesting 

tha t RSC is responsible for nucleosome remodeling a t HXT3 promoter. We decided 

to analyze this region to test our hypothesis th a t nucleosome positioning has a role 

in HXT3 glucose-dependent gene regulation and to test whether our sequence based 

models for nucleosome affinity can predict the effect of mutations in this region on 

gene expression. We picked this region because we can relatively easily control the 

glucose in the media and measure the expression of the gene. Moreover, although 

nucleosome occupancy at HXT3 promoter may be affected by multiple mechanisms, 

at some glucose concentration threshold the nucleosome is removed. If a m utation 

changes the energetic cost of DNA bending and nucleosome formation in either di­

rection, we should be able to  observe tha t as a shift in critical glucose concentration 

at which this region is equally likely to be in the bound or free state.

8.3.1 R andom  M u tation s Selection

Considering the nucleosome profile at HXT3 promoter before and after addition 

of glucose (Figure 8.1), we targeted two candidate nucleosomes for our further experi­

ments. To choose the right locus to make the mutations, in phase I of our mutagenesis 

experiments, we deleted 6-8 bp and inserted the T i l  sequence (‘t j j j j p j j t TT) at po-
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Figure 8.1: Nucleosome organization near yeast hexose transporter gene HXT3 before 
and 60 minutes after addition of 2% glucose
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Figure 8.2: Experimental design overview: We made m utations in the  HXT3 promoter 
region according to  the sequence-based model to  make the region more nucleosome 
bound or more nucleosome free. We inserted the G FP  reporter sequence in 3 ’end 
of the genomic copy of the HXT3 gene. A) shows expected expression level for 
different promoter nucleosome occupancy levels. B) shows expected gene response to 
glucose for W T and two m utants. We expect th a t if energetic cost for a nucleosome 
is increased, the gene should become activated a t a lower concentration of glucose 
(green curve) whereas if the energetic cost for a  nucleosome is decreased, it should 
get activated a t higher glucose concentrations (red curve).
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sitions 210, 245, 560 and 600 bp upstream of ATG. Poly-T is known to be nucleosome 

destabilizing. We chose these loci from regions that do not have any overlap with 

any known sequence elements (e.g. known Rgta binding sites, etc.). We also made 

mutants with pairs of poly-T sequences inserted at (245,600), (560,600), (245,210), 

and (560,210) bp upstream of ATG start codon. We found the highest effect for the 

m utant with poly-T sequences inserted a t (245,210). Then we used the phase based 

context-based model to generate and score 120,000 random mutations at each of the 

—210 and —245 loci. Then we took all the 10000 combinations of the 100 top scoring 

random mutations from the —210 locus and the 100 top scoring m utations form the 

—245 locus, as well as the 10000 combinations of the bottom  100 random mutations 

of the two loci, plus 100000 random pairs of mutation (randomly drawn from each 

locus at uniform score spacing) to  make a pool of 120000 random m utation candi­

dates. Then we scored these mutations using phase-dependent context-based model 

and also using simple context-based model with context size (n=4). Figure 8.3 shows 

the distribution of the scores. It can be observed th a t there is a high correlation 

between the scores (Pearson correlation coefficient =  0.98). We manually selected 7 

mutations tha t span a wide range of scores as shown with red circles in Figure 8.3.
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Figure 8.3: R andom  M utations Selection. Out of a  pool of 120,000 randomly 
generated mutations, we selected 7 mutations tha t span a wide range of scores. These 
are shown as red circles in the figure.

8.4 Im plem entation

To insert GFP and also to implement HXT3 promoter mutations, we first made 

the construct containing the plasmid with the m utated DNA, homologous flanking 

regions for recombination, and appropriate selection markers (here URA3 gene for 

selecting mutants on SD/-URA plate). Then we transformed the DNA to competent 

yeast cells and selected the mutants on appropriate media (here SD/-URA plates). 

These steps are explained in detail in the following.

8.4.1 M aking C onstructs

To measure the HXT3 expression, we inserted the green fluorescence protein 

(GFP) sequence in 3! end of the HXT3 gene to make a  fused protein. For this
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we cloned the HXT3 promoter region and inserted tha t in a plasmid containing yeast 

URA3 gene (allowing us to select for yeast transformants on -/U RA  plates), bacterial 

Ampicillin resistance gene Ampr (allowing us to select for bacterial transformants on 

Ampicillin plates), and bacterial origin of replication site oh (allowing the plasmid 

to  replicate and get amplified in bacteria). Then we cloned the yeast optimized GFP 

sequence [127] from a plasmid kindly shared by Brendan Cormack and inserted th a t 

at 3' end of the HXT3 gene before the stop codon. To attach the GFP sequence to 

HXT3 sequence, we used fusion-based PC R  method similar to [128], We also used 

similar technique to make two m utants (M725 and M680) as a proof of concept. Using 

fusion PCR to make mutations requires multiple PCR reactions and gel extraction 

and is time consuming. For the rest of the mutations (totally 16 m utations) we em­

ployed a different technique, using Agilent QuikChange Site-Directed Mutagenesis 

kit. In this technique Only one pair of primers is needed for each m utation. Below 

we briefly explain DNA amplification using pYTi plasmid followed by a description 

of fusion-based PCR and QuikChange Site-Directed Mutagenesis.

8.4.1.1 pYTi Plasm id

To amplify the DNA needed for yeast transformation, we placed it in a plasmid 

and transformed E. coli, then grew E. coli containing the plasmid in liquid culture, 

and then extracted the plasmid from E. coli. We made a plasmid, calling it pYTi, 

based on pHISi, a previous plasmid tha t we had in the lab and contained URA3 gene,
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A flll Nhel

pYTi 
5377 bp

Figure 8.4: O verv iew  of p Y T i p la sm id . We made pYTi by adding Aflll and Nhel 
sites and removing HIS gene from pHISi plasmid.

Ampr gene and bacterial origin of replication site ori. We removed the unwanted 

HIS gene and added new restriction enzyme (RE) sites: Aflll and Nhel. The choice of 

these two sites were based on double digestion compatibility, speed, availability in the 

lab, price per unit of RE, and heat deactivation feasibility in addition to tha t there 

is no genomic Nhel or Aflll sites in HXT locus on chromosome IV. Figure 8.4 shows 

an overview of the pYTi plasmid plotted using pDRAW32 by AcaClone Software 

(h ttp : /  /  www. acaclone. com).

8.4.1.2 Fusion-based PC R

Figure 8.5 shows the steps required to make a construct with inserted GFP. We 

employed a method similar to [128]. We started with the plasmid pYTi, yeast genomic
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DNA and G FP sequence template. Then we performed two independent PCR reac­

tions using genomic DNA template with primers tha t have flanking GFP sequences 

(primer pairs a,b and c.d in Figure 8.5B where b and c have flanking GFP sequences). 

We also performed a separate PCR reaction to amplify GFP sequence. Then we pu­

rified and mixed the PCR products and used it as template for another PCR with 

a new pair of primers (e and f in Figure 8.5C) to  obtain the fused product. These 

primers also have overhanging Aflll and Nhel sites and we used them  to insert the 

PCR product in pYTi plasmid by first digesting with restriction enzymes and then 

ligating with DNA ligase followed by transformation to E. coli competent cells. Then 

we selected the transformed cells on LB plates w ith ampicilin(AMP). Then made liq­

uid culture and amplified the E. coli and subsequently extracted the plasmid, which 

we then used for yeast transformation. Primers used for these reactions are given in 

Table (8.1).

Similar technique can be used to implement any mutation, by designing primers 

with the m utated sequence. We used this technique to  implement M725 (a dou­

ble m utation to convert ‘ CACCTGGAGGAG' - >  ‘ CACCCGGGGGAG ’ at 725bp upstream of 

HXT3 gene), and M680 (a double m utation to  convert <CTTTTTCTTGAAAAAAG) —> 

‘ CTTTCTCTTGAAGAAAG’ at 680bp upstream of the HXT3 gene). Figure 8.6 shows the 

steps for implementing the mutations using fusion PCR. Primers used for the M680 

and M725 mutations are given in Table (8.2)
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AflH  N h e l

Figure 8.5: F u s io n -b a se d  P C R  to  in s e r t  G F P  seq u en ce : A) We started  w ith the 
plasmid pYTi, yeast genomic DNA and G FP sequence tem plate. B) We performed 
two independent PC R  reactions using genomic DNA tem plate w ith primers th a t have 
overhanging G FP sequences (primer pairs a,b and c,d, where b and c have overhanging 
G FP sequences). We also performed a separate PC R  to  amplify G FP sequence. C) 
We purified and mixed the PC R  products and use it as tem plate for another PC R  
with a new pair of primers (e and f) to obtain the fused product. These primers also 
have overhanging Aflll and Nhel sites. D) We inserted the P C R  product in pYTi 
using Aflll and Nhel sites.
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Table 8.1: L ist  o f  p r im ers u sed  to  in ser t G F P  in  3 'en d  o f  H X T 1 , H X T 3 ,
and n ex t to  A D H 1 p rom oter using fusion  based  P C R

P rim er Sequence (5' —> 3')

G F P (+ )
G F P (-)
g fp .h x tl.l7 1 2 (-)
h x tl . l4 6 4 +
g fp .h x tl .l7 1 2 (+ )
h x tl.l8 8 3 (-)
A flII .h x tl.l4 9 6 +
N h el.h x tl.l8 5 1 (-)
H X T3-3’:G F P (+ )
H X T3-3’:G FP(-)

H X T3-3’(+ )
H X T3-3’(-)
A flll.H X T3-3’(+ )

N heI.H X T3-3’(-)
A D H lP ro m O u tr(+ )
A D H 1:G F P (+ )C
A D H lD S O utr(-)
G F P :A d h lD S (+ )
A flll. A D H lP r(+ )
Nhel-159k(-)

ATGTCTAAAGGTGAAGAATTA

TTTG TA CA A TTC A TC CA TA CC

CCAGTGA ATA ATTCTTCACCTTTA GA CA TTTTCCTG CTA AA CAA ACTCTTGTA AA ATG G
GCCA TCA ACTTCTA CTA CG GTTA CG TT

CCATGGTATGGATGAATTGTACAAATAAACTAAACAAGCTCAATATGCATATTTTAATG
GA A A TTTCTTG TTCCTTG G TG A A G G TC
TA TA TA C TTA A G G G C TG TA TG G TTTTC G C TTA C TTT
TATATAGCTAGCAAAGAAAAGAACAT C T G T T T  ATG
ATGGATGAATTGTACAAATAATTTCACGCTAAACCGTAG

ATGGATGAATTGTACAAATAATTTCACGCTAAACCGTAG
TTCTG TTG G TG TC A C CA G A C T

ACGTTCCTAGCAACAAGAGGA

TATATACTTAAGATGGTGAAGGTAATGGTTCAT
TATATAGCTAGCACGATTGTCGGGAGTAAAGAT

GAATAATTCTTCACCTTTAG ACA TTTTAGA AG TGTCAA CA ACG TATCT
GAATAATTCTTCACCTTTAG ACA TTTTAGA AG TGTCAA CA ACG TATCT
ATGCACGTATACACTTGAGTA

CA TGG TATGGATGAATTGTACAAATAAGCGAATTTCTTATGATTTATG
GAATATCTTAAGGGTTGACTACATCACGATGAG
ACT AATGCT AG CTA TG TATTCATATCTCA AGA T
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B
AfinVL* 

-i.9kb +0.9kb

Nhel

Afin Nhel

1860bp 866bp

Figure 8.6: F usion-based  P C R  to  im p lem en t m u tation s in  H X T 3 p rom oter  
region:A) Two independent PC R  reactions are performed using prim ers with over­
lapping primers containing the m utation region. B) PC R  product from previous PC R  
reactions are purified and mixed and used as tem plate for another PC R  reaction with 
primers th a t have overhanging restriction enzyme site for plasmid insertion. C) Aflll 
and Nhel sites are used to  insert the fusion PC R  product into pYTi plasmid.
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Table 8.2: L ist o f  prim ers u sed  in H X T 3  p r o o f  o f  c o n cep t m u ta tio n s .

Primer Sequence (5' —» 3')

Hxt3-736M(+)

Hxt3-714M(-)

Hxt3-688M(+)

Hxt3-664M(-)

M Rgta(+)
MRgta(-)

Pal40(+)

Pal40(-)

GAGATAACACCCGGGGGAGG

GCTCCTCCCCCGGGTGTTAT

c t t t c t t t c t c t t g a a g a a a g a a a a

TTTTCTTTCTTCAAGAGAAAGAAAG

CATCGTTCCTGTCACGTAGGATCCCCGATGTTGGTATTTCCGGAGGTCA

GAAATACCAACATCGGGGATCCTACGTGACAGGAACGATGACCGGG

GGAGCAATGAAATGAAAGCTTGTAAGATGAGCTATTCGCGGAACATTC

GCGAATAGCTCATCTTACAAGCTTTCATTTCATTGCTCCTCCTCCAGGT

8.4.1.3 QuikChange Site-D irected M utagenesis

The fusion based PCR method described above requires at least three PCR re­

actions and gel extraction for purification of the PC R  products. For the rest of 

the mutations, we used QuikChange Lightning Site-Directed Mutagenesis kit (Agi­

lent) [129]. In this method, one set of divergent primers is designed and the whole 

plasmid is amplified using a single PCR reaction. Then the PCR product is digested 

by Dpnl restriction enzyme which will digest the methylated tem plate DNA. Then 

the linear PCR product is transformed to E. coli which has enzymes to  recircularize 

the DNA. Finally the plasmid is extracted from E. coli and verified by sequencing. 

We followed the Agilent QuikChange Lightning Site-Directed manual, except for tha t 

we used half the amount of the enzymes and performed 25/rL PCR reactions instead
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of the 50/.iL  reactions suggested by the protocol. Moreover, in some cases, we used 

competent cells made in house instead of the Gold U ltracompetent cells provided by 

the kit. In those cases we ran PCR for 18 cycles (instead of 16 cycles for gold cells) to 

compensate for the lower efficiency of our cells. All the m utated plasmids and DNA 

extracted from m utant yeast strains were verified and validated by DNA sequencing. 

Finally, the method originally provided by Agilent does not support m utation of more 

than two bases so we developed our own method to design primers for mutagenesis 

to implement substitutions of longer lengths. We present a description of the primer 

design algorithm below.

8.4.1.3.1 Prim er D esign  for m utagenesis

In this section we describe how we designed primers to delete/insert some nu­

cleotides. The idea is to choose a long enough homologous region so th a t both the 

PCR step and the recircularization work efficiently, but the homologous region should 

not be overextended to  avoid nonspecific binding. Considering these factors, we came 

up with the following design steps (Figure 8.7) tha t we followed to  implement the 

16 mutations most of them with deletion of 8 bp and insertion of 14 bp.

We used OligoCalc (http://www.basic.northwestern.edu/biotools/oligocalc.htm l) 

[130] to predict melting temperature for primers. The design steps are as follows:

• Stepl: ab and de calculation: starting the nucleotide flanking the inserted 

sequence on each strand, find the minimum number of nucleotides th a t satisfies
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the following criteria:

-  Salt adjusted melting temp >  60° C

-  Nearest Neighbor melting tem p > 53° C

-  Last base (3' end) is a C or G

• Step2: bed calculation: Take the sequence abede, and remove as many nu­

cleotides as possible from both sides (preferentially in a balanced way) to obtain 

bed,, such tha t the following conditions remain satisfied for bed:

-  Salt adjusted melting temp >  74° C

-  Nearest Neighbor melting tem p > 66° C

• The forward primer is bede and the reverse primer is the reverse complement of 

abed.

All the 16 designed mutations worked, but we also got 2 nonspecific products 

which were screened out by sequencing.

The list of primers designed and used to  implement the mutations is given in Table

(8.3).

8.4.2 Y east Transform ation

After preparing the construct containing G FP and the ADH1 promoter (similar 

procedure for HXT3 and HXT1), we linearized the vector by restriction enzyme di-
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Table 8.3: L ist o f  p r im ers u sed  in  H X T 3  m u ta g e n e s is  e x p e r im e n t:

Primer Sequence (5' —> 3')

M600pt+ CGTTTGCATCTTCTTGCAAGCTTTTTTTTTTTTTCAATAGTTCGGTAATATTAACGG

M600pt- CCGAACTATTGAAAAAAAAAAAAAGCTTGCAAGAAGATGCAAACGAGCTAG

M560pt+ GTAATATTAACGGATACCTTTTTTTTTTTTTCTAGATCCCCTAGTAGGCTCTTTTCAC

M560pt- GAGCCTACTAGGGGATCTAGAAAAAAAAAAAAAGGTATCCGTTAATATTACCGAACT

M245pa+ GCCATTATAATGACTGTACAAAAAAAAAAAACTAGTGGAGAAAGAAACAACTCAATAACG

M245pa- GAGTTGTTTCTTTCTCCACTAGTTTTTTTTTTTTGTACAGTCATTATAATGGCGGTC

M210pa+ GAAACAACTCAATAACGATAAAAAAAAAAAGCTTGGGGGCCCACTCAAAAAATC

M210pa- GTGGGCCCCCAAGCTTTTTTTTTTTATCGTTATTGAGTTGTTTCTTTCTCC

m245A+ CCATTATAATGACTGTACAAATATCTTCTAAGCTTGGAGAAAGAAACAACTCAATAACG

m245A- GTTGTTTCTTTCTCCAAGCTTAGAAGATATTTGTACAGTCATTATAATGGCGGTC

m245B+ GCCATTATAATGACTGTACAAAAAAAATGTACTAGTGGAGAAAGAAACAACTCAATAACG

m245B- GAGTTGTTTCTTTCTCCACTAGTACATTTTTTTTGTACAGTCATTATAATGGCGGTC

m245C+ GCCATTATAATGACTGTACAAAAGCTTTTTTTTTTTGGAGAAAGAAACAACTCAATAACG

m245C- GAGTTGTTTCTTTCTCCAAAAAAAAAAAGCTTTTGTACAGTCATTATAATGGCGGTC

m245F+ GACTGTACAATGGACCACGCTAGCTGGAGAAAGAAACAACTCAATAACG

m245F- TCTTTCTCCAGCTAGCGTGGTCCATTGTACAGTCATTATAATGGCGGTC

m245G+ TGACTGTACAAGACCATCTAGATGTTGGAGAAAGAAACAACTCAATAACG

m245G- GAGTTGTTTCTTTCTCCAACATCTAGATGGTCTTGTACAGTCATTATAATGGCGGTC

m210a- GGCCCCCAACATTGCTGAGGGATATCGTTATTGAGTTGTTTCTTTCTCC

m210a+ ACTCAATAACGATATCCCTCAGCAATGTTGGGGGCCCACTCAAAAAATC

m210b- GTGGGCCCCCAAAAAAAAAAAAGCTTATCGTTATTGAGTTGTTTCTTTCTCC

m210b+ GAAACAACTCAATAACGATAAGCTTTTTTTTTTTTGGGGGCCCACTCAAAAAATC

m210c- GTGGGCCCCCAACAAAAAAGTGGGATATCGTTATTGAGTTGTTTCTTTCTCC

m210c+ CAACTCAATAACGATATCCCACTTTTTTGTTGGGGGCCCACTCAAAAAATC

m210d- GTGGGCCCCCAAGCTTTTTTTTTGTGATCGTTATTGAGTTGTTTCTTTCTCC

m210d+ ACTCAATAACGATCACAAAAAAAAAGCTTGGGGGCCCACTCAAAAAATC

m210e- GAGTGGGCCCCCAAAAAATTTTTTTGATATCGTTATTGAGTTGTTTCTTTCTCC

m210e+ AGAAACAAGTCAATAACGATATGAAAAAAATTTTTTGGGGGCCCACTCAAAAAATC

m 2 1 0 f - GCCCCCAAGGTGGTGGATATCCATCGTTATTGAGTTGTTTCTTTCTCC

m210f+ CAACTCAATAACGATGGATATCCACCACCTTGGGGGCCCACTCAAAAAATC

m210g- GTGGGCCCCCAATGGATCCAGATCCAATCGTTATTGAGTTGTTTCTTTCTCC

m210g+ CAATAACGATTGGATCTGGATCCATTGGGGGCCCACTCAAAAAATC
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Figure 8.7: Prim er D esign  for m utagenesis: Schematic depiction of W T (top) 
and mutant (bottom) sequences with deletion (B), insertion (D), and unchanged 
sequences (A,C). B and D may vary in size from 0 to 20 bp. We start by determining 
the homologous regions for PCR, by choosing the length for the downstream sequence 
of the inserted sequence lde’ and ‘ab’. Then we choose the overlapping region for 
recircularization and select the upstream sequence based on that. The final primers 
would be lbcde' and RevCornpi(:abed').

gestion and transformed the linear DNA to yeast competent cells th a t are lacking 

URA3. The starting cell line th a t we used was BY4705 (MATo m etl5A 0 ura3A0 

trp lA 63 leu2A0 his3A200 lys2A0 ade2A0) kindly shared by Ed Davis (Boeke lab). 

We made competent cells using a  lithium acetate (LiAc)/polyethylene glycol (PEG) 

based method [131] and transformed linearized plasmid containing the URA3 gene. 

We then selected the mutants on SD/-URA plates. Then we checked the colonies un­

der fluorescence microscope and selected a green colony and transfered tha t to FOA 

plate (SD plates containing 5-Fluoroorotic Acid). FOA selects against URA3 [132], 

so the URA3 will hop out as shown in Figure 8.8 resulting cells tha t contain only the 

designed mutation (with no additional plasmid elements).

& © C
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8.4.2.1 M aking Com petent Cells

We made competent cells using a lithium acetate (LiAc)/polyethylene glycol 

(PEG) based method [131] and frozen the cells at —80° C in slow freezing con­

tainer. Then for each transformation, we used the frozen competent cells and ap­

plied a LiAC/PEG/Single stranded DNA based method [131] to transform the cells. 

We made competent cells using BY4705 (MATcr m etl5A 0 ura3A0 trp lA 63  leu2A0 

his3A200 lys2A0 ade2A0) and used tha t to  insert GFP. Then using the GFP labeled 

cells, we made competent cells and used those to  implement the mutations.

8.4.2.2 Transformation and H om ologous Recom bination

As briefly explained above, we used a two step method to implement the GFP 

insertion (Figure 8.8) and mutations (Figure 8.9). In this method first the URA3 

gene is used as a marker to select transformants, then the cells are transfered to  FOA 

plates [132] so tha t URA3 is removed by a  second homologous recombination and only 

the designed insertion/deletion/m utation remains. A key point th a t should not be 

overlooked is tha t as shown in Figures 8.8,8.9 depending on whether the homologous 

recombination occurs before or after the mutation point, the colony in the SD/-URA 

or FOA plate will have either the wild type or m utant sequence. The ratio of the two 

types of colonies depend on the length of the flanking homologous sequence assuming 

that homologous recombination occurs randomly along the homologous region. For 

this, in our design for mutations, we cloned 2 kb upstream and 1 kb downstream of
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Table 8.4: E fficiencies o f th e  firs t an d  second  s te p s  o f hom ologous reco m b i­
n a tio n . m utation positions are relative to  ’ATG’ sta rt codon. The efficiency in -URA 
plate is defined as the ratio of type B colonies (see Figure 8.9)to all the colonies in 
SD-URA plate. The efficiency in FOA plate is defined as the ratio of type C colonies 
(see Figure 8.9) to all the colonies in FOA plate.

M utation

Position
step 1 efficiency 

(-URA plates)

step 2 efficiency 

(FOA plates)

0 0.30 0.68

-100 0.34 0.65

-200 0.38 0.61

-300 0.42 0.57

-400 0.45 0.54
-500 0.49 0.50
-600 0.53 0.46
-700 0.57 0.43
-800 0.60 0.39

-900 0.64 0.35
-1000 0.68 0.32

the HXT3 ATG start codon so th a t we get at least 30% efficiency for each of the 

steps, given any m utation within 1 kb upstream of the HXT3 s ta rt codon. Table

(8.4) gives the expected efficiencies for each step for mutations at different positions 

at HXT3 promoter.
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S e le c t o n  SD/-URA

B)

B U1R'A3
140bp 21Sbp

S e le c t o n  FOA

C)

D>

Figure 8.8: In tegration  o f  G F P  th rou gh  h om ologou s recom bination  A) The
linearized vector containing the cloned prom oter region and URA3 gene is trans­
formed to URA- strain. The linearized vector can hop in to  the genome through 
homologous recombination as shown in the  picture and the recombinants are selected 
on a  -URA plate. Depending on w hether the recombination occurs before or after 
the G FP  insertion site, the colonies in -URA plate will be of either type A or B. 
Type B colonies are identified by fluorescence microscopy and /or sequencing and are 
transfered to FOA plates. B) Removal of URA3 gene through homologous recom­
bination: Cells are grown on FOA plate to select against URA3 gene. Because of 
the homologous regions before and after the URA3 gene, URA3 gene can hop out of 
the genome through homologous recombination as shown. Depending on w hether the 
recombination occurs before or after the m utation, the colonies in FOA plate will be 
of either type C or D. Type C colonies are identified by fluorescence microscopy and 
verified by sequencing.
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Figure 8.9: In tegration  o f  foreign D N A  to  y ea st genom e th rou gh  hom olo­
gous recom bination  A) The ‘X ’ shows the m utation/insertion/deletion region in 
the HXT3 promoter. The linerized vector containing the cloned prom oter region and 
URA3 gene is transformed to URA- strain. The linearized vector can hop in to  the 
genome through homologous recombination as shown in the picture and the recombi­
nants are selected on a -URA plate. Depending on w hether the recombination occurs 
before or after the m utation, the colonies in -URA plate will be of either type A or 
B. Type B colonies are identified by restriction enzyme digestion or sequencing and 
transfered to FOA plates. B) Removal of URA3 gene through homologous recom­
bination: Cells are grown on FOA plate to  select against URA3 gene. Because of 
the homologous regions before and after the URA3 gene, URA3 gene can hop out of 
the genome through homologous recombination as shown. Depending on w hether the 
recombination occurs before or after the m utation, the colonies in FOA plate will be 
of either type C or D. Type C colonies are identified by restriction enzyme digestion 
or sequencing and are verified by sequencing.
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8.4.3 H X T 3 E xpression  M easurem ent using F luo­

rescence M icroscopy

To measure the HXT3 expression, we developed a method using fluorescence mi­

croscopy. In this method, we grew the cells on SD plates (we used SD plates for lower 

auto-fluorescence compared to YPD plates) with different concentrations of glucose. 

After two days, when the colonies are just big enough to  be visible by naked eye, we 

image multiple colonies on each plate using a fluorescence microscope. Since different 

colonies in the plate have different sizes, and we take 2D images of 3D colonies, larger 

colonies will have higher average intensity as shown in Figure 8.IOC . To estimate the 

expression level, we plot average intensity on the y axes against \Jcolony size on the 

x axes and fit a line, using the slope of the line as the measure for expression level. 

It is im portant to take images when the colonies are very small because when they 

grow big, they will consume the glucose in the plate and the local glucose level will 

change. Moreover in the above procedure as shown in Figure 8.10B we assume the 

colonies are round and the ratio of volume to the surface is proportional to the radius 

i?, which may not hold for very large colonies. To avoid biases caused by different UV 

source and imager gains, we split each plate into two segments and streak a control 

strain with known expression level on one segment and the other strain (e.g. m utant) 

on the other segment on the same plate.
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Figure 8.10: HXT3 expression measurement by fluorescence microscopy: In this 
method, we grow colonies on plates with different concentrations of glucose, and 
take images of the colonies. Then for each colony we estim ate the colony size (surface 
area) and average G FP intensity from the image. A) Sample images of yeast colonies 
grown at 0.1% and 0.4% glucose concentrations. HXT3 is upregulated a t high glucose 
concentration. B) 3D model for colony image. We use this model to  relate the aver­
age pixel intensity to colony size in the 2D image. C) Mean pixel intensity from the 
colony image plotted against colony size for G FP  labeled cell line. Gene expression 
is inferred from the slope of the regression line.
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8.4.4  H X T 3 E xpression  M easurem ent using F luo­

rescence P la te  R eader

Using a fluorescence microscope, we can only measure the steady state expression 

level, since we have to wait for colonies to grow large enough so we can image them. 

Moreover, near the critical glucose concentration (0.2-0.4%) at which HXT expression 

level is very sensitive to small changes in glucose concentration, local variations in 

glucose concentration on the plate cause the colonies average intensity deviate from 

the linear model of Figure 8.10, resulting in lower precision of the method. We 

therefore used fluorescence plate reader to  measure the time course response of the 

expression level after addition of glucose as described in the following. To measure the 

HXT3 expression response to addition of glucose for W T and m utated promoters, we 

made liquid culture, 5ml, SD /l% G ly+l% gal+0.1% glu inoculated from fresh colonies 

and incubated for 2 days in a 30° C shaker at 225 rpm. After 2 days cultures were 

saturated. We then spun down the cells and resuspended them in 10 ml fresh media 

(SD+l% Gly). Then aliquoted 230 pi to each well in a 96 well micro plate. Then added 

20 pi mixture of glactose 20% and glucose 20%, so the combined final concentration 

of (gal+glu) is 1.6% for all the samples except for control well for which we added 20 

pi of water. Glucose concentrations used were 0%, 0.1%, 0.2%, 0.4%, 0.8% and 1.6%. 

The 96 well plate was put in plate reader. Optical densities at 600 nm (OD600) and 

fluorescence (excitation 476nm, emission 515nm, cutoff 495 nm) were recorded every
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15-20 minutes for 5 hours. The plate reader tem perature was set at 30 degrees and 

plates were shaken for 2 seconds every 1-2 minutes, and 5 seconds before each read. 

We did three replicates on three different days. We used Loess [133] to  interpolate the 

OD and GFP for at each minute. Then, to  remove the background (autofluorescence), 

we subtracted the average signal for the two control wells from G FP measurement 

for each sample. Similarly we removed background for OD values. Then we used 

the ratio of the background corrected GFP and background corrected OD as the 

normalized GFP level.

8.5 R esu lts

8.5.1 G F P  Insertion

To test the feasibility of our microscopy method for measuring expression level, we 

first inserted yeast optimized gfp sequence [127] a t ADH1 locus and obtained bright 

green colonies. We chose ADH1 because it was a highly expressed gene and ADH1 

m utation was tested before in the literature [134,135]. We then inserted GFP at the 

3' end of the HXT3 gene and obtained green colonies. The HXT3-GFP colonies grow 

about two times slower than  wild type colonies. Moreover, we found th a t the HXT- 

GFP strain does not grow on 2% glactose plates with 0% glucose, however adding 

a very small amount of glucose (0.01%) to  the media was enough to make the cells 

viable. This is interesting, because at very low glucose levels, HXT3 expression is
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very low; however, it seems tha t in wild type strain, HXT3 is essential for growing on 

a media lacking glucose. The other possibility is tha t the HXT3-GFP fused protein 

is toxic for such growth condition. In our experiments we added the minimal amount 

of glucose (0.01%) to all the media. The growth rate is not sensitive to the amount 

of the minimal added glucose and cells grow at similar ra te  at (0.01% glucose +  2% 

glactose) compared to  (0.10% glucose +  2% glactose) bu t does not grow on (0.00% 

glucose +  2% glactose).

We also tried to insert GFP in HXT1 locus using the same methodology, however 

we got no colony with GFP in SD/-URA plates. We also inserted GFP in HXT3 

locus for the cell line which had already GFP inserted on ADH1 locus. This resulted 

in highly bright slow growing cells, as we expected, and we used this strain as control 

in our fluorescence experiments.

8.5.2 R gta  B ind ing S ites D eletion , Pal40 and M 725

As a proof of concept and to test our ability to  implement mutations we designed 

two double base pairs mutations: M725 (a m utation to convert ' CACCTGGAGGAG ’ —»

' CACCCGGGGGAG ’ at 725bp upstream of HXT3 gene), and M680 (a m utation to convert 

' CTTTTTCTTGAAAAAAG ’ -> ‘ CTTTCTCTTGAAGAAAG ’ at 680 bp upstream of the HXT3 

gene). We used the simple context-based model trained on tiling array data  {in vivo 

data) to select mutations tha t make the promoter region more nucleosome bound 

or more nucleosome free. We used fusion PCR to  implement these mutations. We
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constructed the plasmids and verified them  by sequencing, then linearized them and 

transformed them  to GFP labeled cells. M725 mutation adds an Xmal restriction 

enzyme site so we could more easily check the colonies in SD/-URA plate and select 

the mutants. M680 however didn’t have such a feature. Moreover the colonies on 

SD/-URA plates looked similar in terms of their sizes and fluorescence. Hence we 

only continued with M725 colonies. For the rest of the mutations, we always designed 

the mutation to  add or remove a restriction enzyme site so we could easily verify the 

colonies by PCR amplification and RE digestion. We used the fluorescence microscopy 

method to measure the effect of M725 mutation. As shown in Figure 8.11, the muta­

tion had only slightly changed the HXT3 expression response to glucose, however this 

change was in the direction th a t the model would expect. Interestingly, this double 

m utation tha t was the highest effecting double base pair m utation selected by the 

contex based model was converting the sequence a t —725 bp upstream of HXT3 to 

a Reb 1-like binding site (see Figure 3F in [45]) and is thought to be associated to 

widened nucleosome free regions in a significant number of genes [45].

We also deleted a region between 443 bp and 309 bp upstream of ATG (a total 

of 134 bp) which contained a cluster of 5 Rgta binding sites. The HXT3 promoter 

has 10 likely Rgta binding sites. We chose this region because the Rgta binding sites 

were in cluster. We used QuikChange Site-Directed Mutagenesis kit to implement 

this deletion. At this point we hadn’t  yet developed the algorithm described in section 

(8.4.1.3.1) to design the primers. The DNA sequencing results showed deletion of the
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134 bp sequences as designed, but also insertion of 134 bp consisting of 3 times repeat 

of the flanking sequences used in primers. Fluorescence microscopy method showed 

tha t the Rgta binding sites deleted strain had partial level of HXT3 activity even a t 

very low glucose level for which the wild type m utant had no detectable expression 

(Figure 8.11). This is consistent with our prediction th a t removing 5 out of 10 Rgta 

binding sites would lower the effect of this repressor protein. We also observed th a t 

the mutant had slightly lower HXT3 expression a t high glucose. This may have been 

caused by deletion of some other binding sites within the 134bp region, specifically 

a putative RSC3/RSC30 binding sequence, or by reduction in Rgta function as an 

activator at high glucose [120].

We also deleted a 40bp region GAAAAAAAAATACTTTCTTTTTCTTGAAAAAAGAAAAAAA at 

661 bp upstream of ATG. This sequence contained multiple poly A stretches and 

a semi-palindromic sequence. We used QuikChange Site-Directed Mutagenesis kit 

to implement this deletion. This time it worked fine. The DNA sequencing results 

showed deletion of this 40 bases had a small effect on the HXT3 expression response 

as shown in Figure 8.11, however this change was in the direction the our model had 

predicted.

Primers used for making these mutations are listed in Table (8.2).

189



0.25 ,

• • •# ••  M725 m-0.20 -
-■ •■ - rg ta

- ♦  -  Pal40

Co
WT

Q.
X

m  0-1 0 '
S
X  0 .0 5  ■»

0.0
0.2 0 .4 0.80.1

Glucose concentration (%)

Figure 8.11: HXT3 expression measured a t different glucose concentrations for cells 
with wild type promoter (W T), deletion of five out of ten  Rgta binding sites (Rgta), 
deletion of 40bp of a  nucleosome free region (Pal40) and a nucleosome destabilizing 
double base pairs substitution a t 725bp upstream  of the ATG s ta rt codon (M725)
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8.5.3 P o lyT  M utations, S electin g  a R egion

To choose a region for the HXT3 mutagenesis experiments, we first deleted 6-8 bp 

and inserted the T i l  sequence (‘ttjttttttTT’) in 210, 245, 560 and 600 bp upstream 

of ATG. We also made m utants with pairs of poly-T sequences inserted at (245,600), 

(560,600), (245,210), and (560,210) bp upstream  of ATG start codon. Then we grow 

the cells on SD plates with different glucose concentration and used fluorescence 

microscope to evaluate the expression level. We found the highest effect for the 

double m utant with poly-T sequences inserted a t (245,210), resulting in average G FP 

signal intensity to increase about 66% from 41(7) to 68(10). Figure 8.12 shows the 

average HXT3 response at 0.12% glucose. Interestingly, insertion of poly-T in either 

—245 or —210 bp upstream of HXT3 didn’t  have a detectable effect compared to  

wild type promoter; however when we added poly-T a t both —245 and —210, the 

expression level significantly increased. This is consistent with the model prediction 

tha t destabilizing the nucleosome at the HXT3 promoter would allow increased HXT3 

expression at low glucose concentrations.

8.5.4 R andom  M utants

Based on the poly-T insertion experiments, we chose the (-245,-210) region up­

stream of HXT3 and implemented 7 mutations selected from a pool of random m uta­

tions as described in 8.3.1. Table 8.5 gives the list of these mutations. We measured
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Figure 8.12: Comparison of the effect of inserting poly-T sequence a t different dis­
tances from ATG s ta rt codon. The rr-axis shows the  strain name, W T  is the wild type 
promoter, M600, M560, M245, and M210 are m utan ts w ith insertion of one poly-T 
sequence a t 600, 560, 245, and 210 bp upstream  of HXT3 gene s ta rt codon, and 
M600x560, M600x245, M560x210, and M245x210 are double m utants containing two 
inserted poly-T sequences. The y-axis is average green intensity of colonies grown on 
SD plates with 0.12% glucose and 1.88% glactose. The error bars show the standard  
deviation among different colonies.
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Table 8.5: L ist o f  m u ta tio n s  at 245  an d  210 bp  u p stream  o f  H X T 3

Name Sequence (5' —» 3')

mutantA
mutantB
mutantC
mutantD
mutantE
mutantF
mutantG
WT
M210
M245
M245x210

CAAATATCTTCTAAGCTTGGAGAAAGAAACAACTCAATAACGATATCCCTCAGCAATGTTG

CAAAAAAAATGTACTAGTGGAGAAAGAAACAACTCAATAACGATAAGCTTTTTTTTTTTTG

CAAAAGCTTTTTTTTTTTGGAGAAAGAAACAACTCAATAACGATATCCCACTTTTTTGTTG

CAAAAGCTTTTTTTTTTTGGAGAAAGAAACAACTCAATAACGATCACAAAAAAAAAGCTTG

CAAAAGCTTTTTTTTTTTGGAGAAAGAAACAACTCAATAACGATATCAAAAAAATTTTTTG

CAATGGACCACGCTAGCTGGAGAAAGAAACAACTCAATAACGATGGATATCCACCACCTTG

CAAGACCATCTAGATGTTGGAGAAAGAAACAACTCAATAACGATTGGATCTGGATCCATTG

CAACGACCTTCTGGAGAAAGAAACAACTCAATAACGATGTGGGACATTG

CAACGACCTTCTGGAGAAAGAAACAACTCAATAACGATAAAAAAAAAAAGCTTG

CAAAAAAAAAAAACTAGTGGAGAAAGAAACAACTCAATAACGATGTGGGACATTG

CAAAAAAAAAAAACTAGTGGAGAAAGAAACAACTCAATAACGATAAAAAAAAAAAGCTTG

the HXT3 response to addition of different concentrations of glucose (0%, 0.1%, 0.2%, 

0.4%, 0.8%, 1.6%) over 5 hours using fluorescence plate reader. We also used GSVM 

(g), Phase-based context-based (ph), and simple context-based (cb) models trained 

on in vivo (ypd) and in vitro (ivtr) data using all the chromosomes excluding chro­

mosome 4, to score different mutants. We also used simple context-based model with 

context size (n = l)  (cbnl) for comparison. Figure 8.13 shows predicted nucleosome 

occupancy for different m utants using different models. These scores are normalized 

(shifted and scaled) to match the mean and variance of givtr model scores. It can be 

observed tha t there is a high correlation between the predicted scores using different 

models. The correlations ranges from 0.949 between cbnliv tr and phypd, to 0.999 

for cbnliv tr and cbnlypd. Then we used the experimental data of HXT3 expression
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Table 8.6: N ucleosom e o ccu p an cy  sco re  a n d  H X T 3  exp ression  c o rre la tio n : 
Pearson correlation coefficients of experimental data with different nucleosome posi­
tioning models trained using in vivo and in vitro data.

GSVM CB+Phase CB(n=12) C B (n= l)

in vitro -0 .67 -0 .64 -0 .67 -0 .64

in vivo -0 .66 -0.61 -0 .65 -0 .65

to compare with model scores. Figure 8.14 shows the normalized GFP for different 

concentrations of added glucose. To compare the effect of mutations on HXT3 regu­

lation, we calculated the average of the normalized GFP level from time 150 min to 

180 min after addition of glucose for W T promoter and each of the m utant strains. 

Figure 8.16 shows the average expression against nucleosome occupancy score pre­

dicted by GSVM model train on in vitro data. As it can be observed, there is a 

negative correlation (Pearson correlation coefficient =  —0.67) between nucleosome 

occupancy score and expression, so in general, mutations that caused the region to 

become more nucleosome free have resulted in upregulation of HXT3 after addition 

of 0.1% glucose consistent with our hypothesis th a t nucleosome removal facilitates 

the upregulation of HXT3 at higher glucose concentrations. The Pearson correlation 

coefficient of the experimental data with other sequence based models are given in 

Table (8.6). It can be observed tha t GSVM and simple context-based model trained 

using in vitro data achieved the highest negative correlation. Compared to in vitro 

simple context-based model with context length (n = l) , GSVM-invitro and Simple
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context-based model (n= 12) gave 0.03(0.02), and 0.02(0.01) higher negative correla­

tion coefficient respectively, where the numbers in parentheses are standard deviation 

over the three replicates.

8.6 Sum m ary and D iscu ssion

In this chapter we described an experimental system to  validate the nucleosome 

positioning models developed in this thesis. We made mutations in the HXT3 pro­

moter at a region th a t undergoes nucleosome remodeling upon glucose addition, then 

measured the HXT3 expression over time at different glucose concentrations. Our 

results show a significant negative correlation between model predicted nucleosome 

occupancy and expression level suggesting tha t nucleosome remodeling a t HXT3 pro­

moter has a functional role in glucose-dependent regulation of HXT3. This is a novel 

finding as the previous models for HXT3 were only based on Rgta. Figure 8.16 

shows a possible model for HXT3 regulation. This model is consistent with our re­

sults. It is also consistent with ChIP results th a t suggest RSC interacts with HXT3 

promoter [126,136]. One mechanism th a t Rgta may inhibit RSC could be through 

competitive binding to DNA. Some of Rgta binding sites overlap with CGCG motif 

which is a known binding sequence for RSC3 [114]. So we hypothesize th a t Rgta 

binding, inhibits RSC complex at low glucose. At high glucose, Rgta is phosphory- 

lated and detached from the promoter, allowing RSC complex to  interact with the
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Figure 8.16: HXT3 regulation model: This figure shows a possible model for HXT3 
regulation which is consistent with our data and previous studies. At low glucose, 
Rgta is bound to its binding sites on HXT3 promoter. Binding of Rgta inhibits RSC 
complex from binding to the promoter. At high glucose, Rgta is phosphorylated 
and detached from the promoter. This allows the RSC complex to interact with the 
promoter and to remove the nucleosome at the promoter. This facilitates interactions 
of other TFs and the transcription machinery resulting in up-regulation of the gene.
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promoter and to remove the nucleosome. This facilitates interactions of other TFs 

and the transcription machinery resulting in up-regulation of the gene.

The experimental system th a t was proposed in this chapter can be further im­

proved by measuring (or controlling) glucose level at different time points along the 

experiment, and also by quantifying the cell concentrations at different time points 

based on the OD measurements, to obtain a better picture of the effect of the mu­

tations on the global response of the gene to different glucose concentrations. Also 

an improvement to the current protocol is to start with cells growing a t log-phase 

to  avoid possible interferences originated from cells in saturation. Finally, more mu­

tagenesis experiments should be designed to test and validate the model for HXT3 

regulation and to elucidate the relation between Rgta, RSC complex and nucleosome 

occupancy.
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Chapter 9 

General D iscussions

9.1 Sum m ary and D iscussion

In this thesis we presented a novel non-parametric normalization procedure (group 

normalization) for microarray data th a t integrates the array wide normalization and 

probe effect correction into one simple step relying on the fact th a t a typical microar­

ray has such a large number of probes tha t we can estimate the sequence biases of 

hybridization (the dynamic parameters of the probes) from the response of a group 

of similar probes. We also described an approach based on this technique which 

highlights regions of significant signal changes between two experimental conditions 

(cross normalization). We used this method to normalize and compare genome wide 

nucleosome positioning data  in yeast at different glucose concentrations conditions.

We also developed sequence based models for nucleosome affinity. The phase-
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dependent context-based model inspired by the geometry of the nucleosome and the 

observation tha t there is a ~10 bp periodicity in some dinicleotide frequencies along 

the nucleosome sequence, significantly improved prediction of nucleosome affinities 

for in vivo and in vitro datasets. We also developed a novel method for robust es­

tim ation of fc-mer frequencies using gapped fc-triers and developed a novel sequence 

similarity score tha t we used as a SVM kernel to model nucleosome affinities. This se­

quence kernel is very general and could be applied to different classification problems. 

We showed its applicability for modeling nucleosome positioning data, mammalian 

enhancer data, and CTCF binding site modeling. We also developed a novel data  

structure and fast algorithm for the kernel calculation which makes this approach 

feasible for large genome-wide datasets.

We also investigated the average nucleosome positioning patterns near transcrip­

tion start sites (TSSs) in yeast. By proposing a simple reconstruction method, we 

showed tha t the asymmetric average nucleosome pattern  around TSSs is explain­

able by the asymmetric distribution of Rebl, Abfl, and R apl binding sites around 

TSSs highlighting the role of ATP-dependent factors for the formation of the average 

regular pattern. We also showed th a t the average pattern is not representative of indi­

vidual promoters and different classes of promoters (linked to different gene classes) 

have different nucleosome organizations tha t may be established through different 

mechanisms.

Finally we developed an experimental system using glucose-dependent yeast HXT3

202



gene to test the sequence based models predictions. Our results show th a t the change 

in the intrinsic DNA/histone affinity in the promoter nucleosome of HXT3 can affect 

gene expression and its response to glucose, suggesting tha t the magnitude of the 

intrinsic binding energies are comparable to  other factors (e.g. ATP-dependent fac­

tors) tha t are affecting the nucleosome positioning in HXT3 promoter. We observed 

a statistically significant negative correlation of (-0.67) between the model predicted 

nucleosome affinity and HXT3'expression. This shows th a t the sequence based mod­

els for nucleosome positioning can be used to improve our predictive models for in 

vivo gene regulation.

9.2 Future D irections

(i) In chapter 3 we proposed a normalization procedure for genomic data. We use 

the reference set probes to find an estimation for the normalized signal of each probe. 

A possible extension of this model would incorporate an estimate of the variance of 

the probe signal from the reference set, and use th a t as a measure of the reliability of a 

probe. Then we can use the variance to  weigh different probe values when combining 

multiple probe values similar to the approach used in MAT algorithm.

(ii) As was shown in this thesis, different mechanisms effect nucleosome positioning 

in vivo. Here we proposed improved sequence based models for intrinsic DNA/histone 

interactions. An extension to this work would be to build a combined model to in­
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tegrate the effect of ATP-dependent remodeling factors and intrinsic DNA/histone 

interactions by quantifying the effect of ATP-dependent factors and the intrinsic 

binding energies. A simple approach inspired by the average pattern  reconstruc­

tion algorithm to quantify the relative effect of ATP-dependent factors and intrinsic 

interactions is to decompose the nucleosome occupancy signal around TSS to ATP- 

dependent and intrinsic interactions. Results from the reconstruction algorithm in 

chapter 7 showed th a t even a simple additive model could be useful to  give a first 

order approximation of the contribution of each mechanism.

(iii) The sequence similarity score and kernel approximation algorithm showed 

very promising results on nucleosome positioning and mammalian enhancer sequence 

modeling and there is room to improve them. One way to improve this similarity 

score algorithm is to initialize the weights for different number of mismatches based 

on a given value of t  and k  and then use a numerical optimization algorithm such 

as steepest descent or conjugate gradient to optimize the weights to obtain higher 

classification performances.

(iv) The experimental system tha t was proposed can be further improved by 

measuring and controlling glucose level a t different time points along the experiment, 

and also by quantifying the cell concentrations at different time points based on the 

OD measurements, to obtain a  better picture of the effect of the m utations on the 

global response of the gene to different glucose concentrations.

(v) Finally, more mutagenesis experiments should be designed to test a.nd vali­
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date the model for HXT3 regulation and to elucidate the relation between Rgta, RSC 

complex and nucleosome occupancy. Also more direct measurement of nucleosome 

occupancy at HXT3 promoter for the m utant and wild type strains by MNase diges­

tion experiments followed by nucleosomal DNA purification and qPCR can further 

improve this work.
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